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Abstract

In this paper, the effect of phase noises (PNs) of multiple
users on orthogonal frequency division multiplexing
(OFDM) based multiple-input multiple-output (MIMO)
systems is studied. It is assumed that each of the users has
a single antenna, whereas the base station (BS) has
multiple antennas and use zero-forcing (ZF) decoder for
multi-user detection. Since each user is equipped with an
independent oscillator, the received uplink (UL) signal at
each BS antenna is corrupted by all of these independent
PNs. Analytical study on the performances of the MIMO-
OFDM system in the presence of multiple PNs is
presented and the analytical results are verified by
simulations.

1. Introduction

The orthogonal frequency division multiplexing (OFDM)
technique can effectively turn the frequency-selective
channel into multiple frequency-flat channels at different
subcarriers, allowing simple one-tap channel equalization.
And it can be readily combined with multiple-input
multiple-output (MIMO) techniques to exploit spatial
multiplexing and/or diversity gain. As a result, MIMO-
OFDM systems are used ubiquitously in modern
telecommunications.  Unfortunately, = MIMO-OFDM
systems are sensitive to oscillator phase noises [1-12],
which cause common phase error (CPE) and intercarrier
interference (ICI). The PN effect on single-user MIMO-
OFDM (SU-MIMO-OFDM) systems has been well
studied in the literature [1-8]. Assuming the base station
(BS) antennas share a common oscillator, the downlink
(DL) of the multi-user MIMO-OFDM (MU-MIMO-
OFDM) system (at each user) is similar to the single-user
case. In the uplink (UL) transmission, however, the
received signal at the BS is corrupted by multiple PNs.
Since the PNs from different users are independent, the
PN estimation in the UL is more complex than that in the
DL. For this reason, we focus on the multi-user PN effect
in the UL case in this work.

There are a few works studying the PN effect on UL MU-
MIMO-OFDM systems [9-12]. While [9] considered
multiple PNs from the users together with another PN at

the BS, [10] and [11] only considered multiple PNs at the
BS (with large antenna array) by assuming PN-free users.
The PNs from the users are mixed at each BS antenna,
whereas the PNs (of multiple oscillators) at the BS are
uncoupled. Therefore, PN estimation in the former is
more challenging than that in the latter. For example, the
CPEs of multi-user PNs must be jointly estimated [9],
whereas the simple CPE correction method [2] (for SU-
MIMO-OFDM) can be applied to track each of the BS
PNs individually [10]. Therefore, we focus on the effect
of multi-user PNs in this work.

It is difficult to compensate the ICI effects of multiple
transmit PNs at the receiver [6]. A PN compensation
scheme that mitigates the multiple transmit PNs and a
receive PN separately was proposed in [12] for multi-
node backhauling. Nevertheless, the scheme requires
feedback loops with direct RF sampling and, therefore, is
not feasible for the considered multi-user scenario in this
work. Unlike [9] and [12] that have only numerical
simulations, we analytically derive the error vector
magnitude (EVM) [5, 6], performance of MU-MIMO-
OFDM, assuming the CPEs of different PNs can be
perfectly estimated. The analytical results give more
insight into the ICI effect of multi-user PNs. Finally, the
ICI effect of multi-user PNs for different numbers of BS
antennas and wusers are studied analytically and
experimentally (by simulations). Good agreement
between simulation and theory is observed.

Notations: Throughout this paper, *, 7, ¥, and ' denote

complex conjugate, transpose, Hermitian, and Moor-
Penrose pseudoinverse, respectively. Lowercase bold
letter (x) and uppercase bold letter (X) represent column
vector and matrix, respectively. I/ is the MXM identity
matrix. diag(x) denotes the diagonal matrix whose

diagonal elements are given by x. ||x||2 is the Euclidean

norm of x. Tr(X) represents the trace of X. ® denotes the
Kronecker  product. E  represents mathematical
expectation.

2. System Model

For simplicity, we assume K users (each equipped with a
single antenna along with a free-running oscillator) and M



(> K) antennas at the BS. The BS uses zero-forcing (ZF)
decoder for multi-user detection. In order to focus on the
PN effect, we assume perfect channel estimation and that
the cyclic prefix (CP) of the OFDM symbol is longer than
the channel length.

Let N be the number of OFDM subcarriers, F be an NxN
discrete Fourier transform (DFT) matrix, whose elements
are given by exp(—jZEkZ/N)/«/N (k, I =0, ..., N-1),
and @; and O be Nx1 vectors consisting the time-domain
PNs during one OFDM symbol at the ith user (i = 1, ..., K)
and at the BS, respectively. The frequency-domain
expression of the UL transmission (from K users to the
BS) in the presence of PNs is given as

y=(Gy ®I,, )HGx+w (D

where H is a MNxXKN block diagonal channel matrix
whose kth diagonal block entry Hy is the MxK channel
transfer functions (CTFs) at the Ath subcarrier,

T
x= [xg X/ xkl] is the KNx1 signal vector with

X, denoting the Kx1 transmitted signal vector (from all the

T .
Vi ] s
the MNx1 signal vector with y; denoting the MxI

received signal vector at the kth subcarrier, w is a MNx1
additive white Gaussian noise (AWGN) vector,

G, =Fdiag(exp(j0))F” is an NxN matrix of the PN

spectral components of the BS oscillator, and Gr is a
KNxKN matrix consisting the N spectral components of
the PNs of all the K users. The (k, /)th entry of Gr is

denoted as g([;’il)  » Where (k=I)y denotes (k—/) mod N. The

users) at the kth subcarrier, y =[y0T le

(k. Dth block of Gr is diag(g(; ), ). where the Kx1

vector g(T;‘_l)N consists of the corresponding spectral

components of the PNs from the K users. By separating
the CPE and ICI terms G;=1I, ®diag(g0T")+PT and

G, = g1, + Py, (1) can be rewritten as
yzgff"H(IN®diag(gg"))x+e+w )

where g;* is the CPE of the PN at the BS, g, consists

of the CPEs of the PNs from the K users, and the ICI term
eis

e=(Py ®1, ) HPx+ gt HPx + (P, ®1,, ) H (I, ®diag(gf*)) x
3).

3. Performance Analysis

The receive signal at the kth subcarrier is

y, =H, diag(g,)x, +e, +w, @)

where g, =g g,* , and e and w; denote ICIs and

AWGN:s at the kth subcarrier, respectively. The CPEs g,
can be estimated as [9]

g, =L Z (Hk diag(x, ))T N (5)

p keSp

where S, denotes the set of the N, scattered pilots. The
CPEs can be corrected at the ZF decoder as

%, = diag(g,)” Hly, (6)

where X, denote the detected signals at the kth
subcarrier.

In order to focus on the ICI effects of multi-user PNs, we
assume perfect channel estimation and perfect estimation
of CPEs. For simplicity, we ignore the BS PN and focus
on multi-user PNs; and assume independent multi-tap
Rayleigh fading channel. For notational convenience, we
drop the superscript ™ hereafter.

The signal at the kth subcarrier after ZF decoder is

N-1

r, = diag(go)xk + z diag(g(kfl)N )Xz +H1T7wk .

1=0,1%k

The EVM at the kth subcarrier is

g [l ]
é:k = -

. 2
E["dlag(go)xkuz]
Assuming the subcarrier symbols are independent and

2

Zdiag (g(k—l)N ) X,

1#k

).

identically distributed with a variance of of , l.e.,
E[xkka J= 021, , the power contributions of the useful

signal (with known CPEs) and ICI term can be in
expressed as

E[ aiag (g,) %[} | = o2  Jeu ]

2 RO
E[ ] = “xE{;"gw—/w "2}

respectively.

> diag(g( ), )%

1#k

The PN of a free-running oscillator can be modeled by the
Wiener process, whose discrete-time expression is

P(n+1) =g(n)+1(n) (10)

where ¢ is the phase noise and # is a zero-mean Gaussian
random variable whose variance is 4zfT; with T denoting



the sampling duration and f representing the 3-dB
bandwidth of the PN. Assuming the oscillators at different
users are of the same quality (i.e., PNs from different user
have the same 3-dB bandwidth /),

E[Je | = KE[le ] = Ko

(11).
E|:;:‘"g(k—l)zv ||z:| = KE[;:Jg(k—/)N |2:| = KO'IZCl

Note that E{Z|g(k_,w H = E{Z|g,{|2} . Let
I#k k#0

1 . .
Sty = 8 =y Zexp(9(m) exp (= j2zkn/N) - (12),
the total power of the PN is given as

el =%Z{ZZexp(j(qﬁ(n)—¢(m)))eXp( ,Wﬂ

nom

~ = Z e (s (000 -em) S exp 2= ) (13)

nom

Nl 27k(m— N, m=n
where Zexp[jMJ ={ .
k=0 N 0, m#n

Hence,
2 2 - 2 1
O +0 =E| D|g [ |=—5 NxN=1 (14).
k=0 N
Using the DFT expression (12), oy can be derived as

B[Je ]| S Zewp (st -otm)|
:%ZZexp(—Zﬂ'ﬂM—mVS) (15)

where the last step is derived using the characteristic
function. Once ogp; is known, oy, can be readily
derived as

E[Z|gk|2} = 1—%ZZexp(—2frﬁ|n—m|Tg) (16).
k#0 nom

Since H',Z=(H,1€1Hk)_1 H; and E[wkwf]=0'f,IM, the

noise power (after the ZF decoder) is given as

E[||H,twk||j =o? Tr{E[(HkHHk )1]} (17).

For spatially white Rayleigh fading multipath channel Hx
-1
and M > K, (HkH Hk) follows inverse (central) Wishart

distribution, whose mean is Ix/(M—K) [13]. Hence (17)
boils down to

ol [ ]=-25 as)

Denoting the signal-to-noise ratio (SNR) as y, =02/0?,

and combining (8), (9), (11), (15), (16), and (18), the
EVM at the kth subcarrier can be derived as

(M—K)}/O(Nz —Jggexp(—b{ﬂh—m Ts)j+N2
& = o
(M—K)}/OZZGXp(—Zﬂ,B|n—m TS)
(19).

As can be seen, &, is independent of the subcarrier index

k, hence, the EVM averaged over all the subcarriers is
also given by (19). It can be concluded from (19) that the
EVM performance degrades with increasing S (the 3-dB
bandwidth of the PN) and/or with increasing user number
K (for a given number of BS antennas M), and improves
with increasing M (for a given K).

4. Simulations

Throughout the section, we make the following
assumptions. There are 512 subcarriers including 32
scattered pilots. The remaining active subcarrier are
loaded with QAM symbols. The multipath fading channel
is a 4-tap Rayleigh fading channel, where the taps are at
the 0, 20, 30, and 60th time samples with equal average
tap gain of 0.25. (Note that the analysis is valid for any
power delay profile [14, 15].) The channel stay constant
within 40 OFDM symbols after which an independent
channel realization is drawn (in total 100 channel
realizations are generated). The CP length of the OFDM
is set to 64 so that there is no inter-symbol interference
due to the delay spread. The PNs from different users are
independent yet follow the same (Wiener process)
distribution with the same 3-dB PN bandwidth .

Figure 1 shows the EVM performance of the MU-MIMO-
OFDM system (in the presence of multiple PNs) with two
users and four BS antennas. As a reference, the ideal case
(no PN) is also plotted in the same figure. As can be seen,
with modest PN (f <500 Hz) the simulated EVM with
CPE correction agrees well with that of the theoretical one
(19). This implies that the CPE correction presented in
Section IV can eliminate the CPEs of the multiple PNs.
Note that, as f increases, the CPE estimation (5) becomes
less accurate. As a result, it is also shown that the EVM
performance with CPE correction is slightly worse than
its theoretical counterpart as f§ increases up to 1000 Hz.



Figure 2 shows the EVM performance of the PN
corrupted MU-MIMO-OFDM system (with four users) as
a function of BS antenna number (under different SNRs).
The 3-dB PN bandwidth is set to 500 Hz. As references,
the EVM of the corresponding ideal cases (no PN) are
also plotted in the same figure. As can be seen, the EVM
performance improves as the number of BS antennas
increases at low (5-dB) SNR. At high (25-dB) SNR,
however, the EVM performance improvement becomes
insignificant beyond ten BS antennas.
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Figure 1. EVM performance of MU-MIMO-OFDM
(K=2, M=4) with different 3-dB PN bandwidths.
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Figure 2. EVM performance of MU-MIMO-OFDM
(K=4, p=500 Hz) as a function of BS antenna number (M)
under different SNRs.
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