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Preface 

The “2019 URSI Commission B School for Young Scientists” is organized by URSI Commission B 
and is arranged on the occasion of the “URSI Commission B International Symposium 
on Electromagnetic Theory (EMTS 2019), May 27 - 31, 2019, Westin San Diego Hotel, San Diego, 
CA, USA. This School is a one-day event held during EMTS 2019, and is sponsored jointly by 
URSI Commission B and the EMTS 2019 Organizing Committee. The School offers a short, 
intensive course, where a series of lectures will be delivered by a leading scientist in the 
Commission B community. Young scientists are encouraged to learn the fundamentals and future 
directions in the area of electromagnetic theory from these lectures. 
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Program 
 
 

1. Course Title 
Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics 
 

2. Course Instructor 
Prof. Michael J. Havrilla 
Department of Electrical and Computer Engineering,  
Air Force Institute of Technology (AFIT), Wright-Patterson AFB, OH, USA 
 

3. Course Program 
Date: Monday, May 27, 2019 
Venue: Westin San Diego Hotel, San Diego, CA, USA (EMTS 2019 venue) 
Schedule (Coffee breaks are also included): 
 
0800-0845       Lecture 1        Maxwell’s Equations and Constitutive Relations 
0900-0945       Lecture 2        Factors that Influence Anisotropy and Bianisotropy 
1000-1045       Lecture 3        Field and Potential-Based Methods of Analysis 
1100-1145       Lecture 4        Field-Based Examples – Sources Not Present 
 
1200-1300       LUNCH 
 
1300-1345       Lecture 5        Field-Based Examples – Sources Present 
1400-1445       Lecture 6        Potential-Based Examples – Sources Not Present 
1500-1545       Lecture 7        Potential-Based Examples – Sources Present 
1600-1645       Lecture 8        Conclusion and Future Research 
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Lecture Abstract 

Field and Potential Based Methods in Anisotropic and Bianisotropic 

Electromagnetics 

Prof. Michael J. Havrilla  
Department of Electrical and Computer Engineering,  
Air Force Institute of Technology (AFIT), Wright-Patterson AFB, OH, USA 

Recent advances in rapid prototyping techniques, such as 3D printing, have made the manufacturing of 
complex media such as anisotropic and bianisotropic media possible. This capability has subsequently 
placed a greater need to incorporate the teaching of complex media into the advanced undergraduate 
and graduate educational curricula.  The goal of this short course is to develop and demonstrate both 
field and potential based analytical techniques for the solution of electromagnetic problems involving 
complex media. First, it will be shown how symmetry has a profound influence on material tensor 
properties and how this symmetry can be utilized to fabricate anisotropic and bianisotropic media. 
Next, it will be shown how these material tensor properties influence the method of analysis; either a 
field-based or potential-based technique.  Field-based techniques, which are directly based upon 
Maxwell’s equations, will be discussed first.  Examples, including the analysis of plane waves in 
general bianisotropic media and the analysis of a parallel-plate waveguide filled with a uniaxial 
medium, will be provided to demonstrate the field-based methodology. It will also be shown why the 
well-known vector potential method for isotropic media becomes invalid for complex media. This 
subsequently leads to a scalar potential formulation that is valid for gyrotropic anisotropic or 
gyrotropic bianisotropic media. Examples of the scalar potential formalism are given, including the 
analysis of a parallel-plate waveguide filled with a uniaxial medium. A comparison between the field 
and potential-based formalisms is provided to better understand the advantages and limitations of each 
method. A conclusion and future recommendations are also provided. 

5



Biographical Sketch of Course Instructor 

Michael J. Havrilla received B.S. degrees in 
Physics and Mathematics in 1987, the M.S.E.E 
degree in 1989 and the Ph.D. degree in electrical 
engineering in 2001 from Michigan State 
University, East Lansing, MI.  From 1990-1995, 
he was with General Electric Aircraft Engines, 
Evendale, OH and Lockheed Skunk Works, 
Palmdale, CA, where he worked as an electrical 
engineer. He is currently a Professor in the 
Department of Electrical and Computer 
Engineering at the Air Force Institute of 
Technology (AFIT), Wright-Patterson AFB, OH. 
He is a member of URSI Commission B, a senior 
member of the IEEE, a senior member and current 
Vice President of the Antenna Measurement 
Techniques Association (AMTA), and a member of 

the Eta Kappa Nu and Sigma Xi honor societies. Dr. Havrilla has received various teaching 
and research awards, including the AFIT Instructor of the Quarter Award and the Air Force 
John L. McLucas Basic Research Award. His current research interests include 
electromagnetic and guided-wave theory, electromagnetic propagation and radiation in 
anisotropic and bianisotropic materials, electromagnetic characterization of complex media, 
quantum field theory and general relativity. 
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Relations for time invariance
of Maxwell s equ
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t
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H

T
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D E

TB HE
H
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spatial temporal t
T T T T T T
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T
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Onsager c T T

T TT T

T T onjRD D E HD E H
B B E HB E H E

E H
H

† S. Tretyakov, A. Sihvola, and B. Jancewicz, "Onsager - Casimir Principle and the Constitutive Relations of Bi - Anisotropic Media",
Journal of Electromagnetic Waves and Applications, vol. 16, no. 4, pp. 573 - 587, 2002.

x y z x y z x y z
x y z x y z x y

H
B E z
D E

H
change coord change coord change coord

x y z Spatial Symmetries Reflection Rotation Inversion

maintained by current /
atoms with spin

reflectionB H Axial Vectors handedness DOES change on inversion

maintained by charge
atoms with no spin

reflectionD E Polar Vectors handedness DOES NOT change on inversion

Axial TensorsPolar Tensors

Exactly how do symmetry operations influence form of
Need to understand transform matrices and these above concepts

t Temporal Symmetry reversal manifested in frequency domain
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Discrete Continuous Point Symmetry Groups
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Type III qty
H P H
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NaCl m m
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No Spin
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Type II qty
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Spatial Symmetry
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Cyanobiphenyls
mm

Type I qty
P P

magnetized poly
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Type II qty
P

Magnetic Field
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Type III qty
H P H

z

z

H

Spatial Temporal SymmetrySpatial Symmetry
Spin

Magnetic
No Spin

Nonmagnetic
Spin

Magnetic

Note P Time reversed point group symmetry elements Note H Halving point subgroup of PNote P Point group symmetry elements

Crystal Family
of classes
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H
Type IIIType II

m
m

m
m m

m
mmm

m

m m

m

mmm

m

mm
m

mm
mmm

m
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m m mm

m m m mmm
mm m m m m mmmmmm

m m mm

mm m mmm
m m mm

m m mmmm mmm mm m m m m m mm

mm
mm mm

m m mm

mm mm mm
m m m m
mmm mmm m mm mm m m m m m mm

m m

m m
m m m m m mm m

discrete groups

Nonmagnetic

P P
Type I

Mag

P

n

P H H

et c

P

i

H
Type IIIType II

m

m

m
mm

continuous groups

m

m
m m

m

m

m
mm mm m m

m

Colored Symmetry

International Tables for Crystallography -Volume D
Physical Properties of Crystals

PIER

Nonmagnetic

P P
Type I

SPATIAL SYMMETRIES Mirror Rotation Inversion through ori
TEMPORAL SYMMETRIES Time Inversion denoted by

in
prime

g

Marc De Graef,"Teaching crystallographic and magnetic point group
symmetry using three- dimensional rendered visualizations available
at
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T T T
or

Neum

T T T

T T T T T

ann s
Principle
spatial

T T T T

T T
T

T T

T T

T T

T T

T T

or

Neumann s
Princi

T T T T

ple
spatial tempora

T T T T T T

T
T T T

T T T
T

lT T

Symmetry group invariant under T material tensor invariant under T

totalG

G

G

G

G

H

G

G nG N Curie s PrincG iple
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zNeumann s Principle for groupT T

Tables of the Second Rank Constitutive Tensors For Linear Homogeneous Media Described by 
the Point Magnetic Groups of Symmetry

xx xy xz xx xy xz

yx yy yz yx yy yz

zx zy zz zx zy zz

yx yy yz xy xx xz

xx xy xz yy

z

yx yz

zx zy zz zy zx zz

T

xx xy

xy xx

zz

fro

similar anal

m

ysis f

to

or

tetragonal

x y z

HOMEWORK Find tensor form of for symmetry
group mmm m m m

xx xy

xy xx

zz
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which one is
bianisotropic

Symmetry greatly influences material tensor structure
and reduces the number of required measurements

Tensor structure tells us what co cross
polarization measurements are required

Symmetry can be infused into materials to control
material tensor structure for desired applications!!!

ultimately a key point
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x

y

z

z

E E uniform
z

z

H H uniform

Field and Potential Based 
Methods in Anisotropic 

and Bianisotropic 
Electromagnetics
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Note P Time reversed point group symmetry elements Note H Halving point subgroup of PNote P Point group symmetry elements

Crystal Family
of classes

Mag

P

n

P H H

et c

P

i

H
Type IIIType II

m
m

m
m m

m
mmm

m

m m

m

mmm

m

mm
m

mm
mmm

m
mm m

m m mm

m m m mmm
mm m m m m mmmmmm

m m mm

mm m mmm
m m mm

m m mmmm mmm mm m m m m m mm

mm
mm mm

m m mm

mm mm mm
m m m m
mmm mmm m mm mm m m m m m mm

m m

m m
m m m m m mm m

discrete groups

Nonmagnetic

P P
Type I

Mag

P

n

P H H

et c

P

i

H
Type IIIType II

m

m

m
mm

continuous groups

m

m
m m

m

m

m
mm mm m m

m

Colored Symmetry

International Tables for Crystallography -Volume D
Physical Properties of Crystals

PIER

Nonmagnetic

P P
Type I

SPATIAL SYMMETRIES Mirror Rotation Inversion through ori
TEMPORAL SYMMETRIES Time Inversion denoted by

in
prime

g

Marc De Graef,"Teaching crystallographic and magnetic point group
symmetry using three- dimensional rendered visualizations available
at

Point Group Symbol
IUC Hermann Maug

R

uin

Family short full annotated Schoenflies Shubnikov Generators Symmetry Elements number
C

iR R

y

i
i

C nc p f

C S c n

nc

p

p nm

C S c np

C C c n

m
f

p

n

af

y
y y y

R y y y

y sR hR
y

y y
y

y
y

C
C nc p f

m m m

nc p nm

m m m C C m m m m nc p
C C n

nm
c

C

p f

y y h

y s y
s h y y

y y h y y y y

R y y y y y y

m

y

m

m m m C C m m
m m C m m m

C m m m
m n

nc p f

m m C m m m
m c np m

c p f
n

y y h i y y y ym
y y h y y y ym
y y h s y y y ym

m m C C m m m c np f
m m

c

C C m m m c np af

np

m m C C m m m

f

z
z R z z z

z
z z z

z
z z z

z z
z sR hR z z z

c np a
C
C
C C

m m m C C m m m

f

m
z z

z s h z z
z

z s z z
z

z z hR z z z z z zm
z

z z h z z z zm

m m m C C m m m
m m m C C m m m

m m C m m m m
m m C m m m

x
x x h x x x xm

z
z z h i z z z zm

z z
z z h z z z zm

z zm

m m C m m m
m m C C m m m
m m C C m m m
m m C z z

h s z z z z

Variations on IUC

C m m m

Notes The symbol denotes time reversal
If a b are elements of a group then
i a b c
ii a b c and a b c
iii a b c

EXTREMELY IMPORTANT
Symmetry elements of a given group

can be found via the group generators

Generators Neumann Curie
Tensor Form

SPATIAL SYMMETRY ELEMENTS

SPATIAL TEMPORAL
SYMMETRY ELEMENTS
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Point Group Symbol
IUC Hermann Mauguin

Family short full annotated Schoenflies Shubnikov Generators Symmetry Elements number

x y z x y x y z
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x y z v
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z z z

z

z
z z z

z

m

zm

z
m m C m m m
m m C m m
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z x z

x zx y x
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Point Group Symbol

IUC Hermann Mauguin

Family short full annotated Schoenflies Shubnikov Generators Symmetry Elements number
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m mm m m m D C m m m m m y z z zx y x y xy xy

x y z z zx y x y xy xy

z z x y h h z z x y x z z zxy xy x y x ym m m
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y
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m
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Point Group Symbol
IUC Hermann Ma u

z

ug in

Family short full annotated Schoenflies Shubnikov Generators Symmetry Elements number
R z z z

a e
z z hR z z z z z zm

z z z

z z h z z

m

z zm

C

m m C m
C

m m C m m
m

m m m
m

z z h z z z z

z xy z
z xy z
z xy R

x
z

y xy
xy xy z xy

xy
z

z

m C C

C
D
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D

D

z x
z xy v

z xy

z xy v

R z xy xy z x
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y v

z x
z xy z

y

y
xy

zm m m C

m m m C C m m m
m m m C m m m

m m m m

xyz

z
xyz

x

y

z y

x

b h i
hR z z xy z xy xy z z xy xy

h z z xy z xy x

zm

y zm m m

m m

m

mmm D m m m m

mm D m m m m

m

m

m

m

m m

xyz

z xy
xyz

z xy
xyz

z

h h z z xy z z xy xym m m m
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mm D C m m m m m m
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m m
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h z z x
c

R

y xy z z

h
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R
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K

m
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K

m
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m
h

d f g
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m

m

z z z z z
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x y z
x y z

a and m e Continuous rotation symmetry about z axis
b m f Infinite number of continuous axes of symmetry
c g m Infinite number of mirror planes of symmetry
d m m m

NOTES

m h xy
xy

m Infinite number of mirror planes passing through z axis
i Infinite number of two fold axes

lying in the x y plane

z

z
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m

z

z
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mm

xx xy xz xx xy xz xx xy xz
xy yy yz xy yy yz yx yy yz
xz yz zz xz yz zz zx zy

Material Tensors

Family Group of parameters

xx xy xz xx xy xz xx xy xz xx xy xz
yx yy yz yx yy yz yx yy yz yx yy
zx zy zz zx z

xx yx zx
xy yy

y zz zx zy zz

zy
zz xz yz zz

xx xy xz xx xy xz
xy yy yz xy yy yz
xz yz zz xz yz zz

yz
zx zy zz

xx xy xz xx
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zx zy zz

xx xy xz xx xy xz x
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zz zx zy

z

zz
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xy yy zy
xz yz zz
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xx xz xx xz xx xz xx zx
yy yy yy yy

xz zz xz zz zx zz x

Material Tensors

Family Group of parameters
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xy yy y
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z

z
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z

z zz
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x
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yy yy yx yz

xz zz xz

z yz zz zx zy zz xz yz z

zz zy

z

m

xy xyxx xz xx xz
yy yy yx yz yx yz

zx zz

yx
xy zy

zx zz

xx xy xz
xy yy

yz

yz

zy z

z

y

x

m

m

x

xx xy xz xx xy xz xx yx zx
xy yy yz yx yy yz xy yy zy

yz zz xz yz zz zx zy

x xz xx xz
yy

zz xz yz zz

yy
xz zz xz zz

m

xx xz xx xz
yy yy

zx zz zx z

xx xy xz
xy yy yz

xz yz zz

z

m

m

xx xy xz
xy yy yz

xz yz zz

xx xz xx xz xx xz xx zx
yy yy yy yy

xz zz xz zz zx zz xz zz

m

xy yxxx xz xx xz
yy yy yx yz xy zy

xz zz xz zz zy yz

m

xx xx xx xx
yy yy yy yy

zz zz zz zz

Material Tensors

Family Group of parameters

xx xx xx xx
yy yy yy yy

zz zz zz z

xx xy xx xy xx xy
xy yy xy yy yx yy

zz zz

z

xy yxxx xx
y

xx xx
y

y yy yx xy

xx yx
xy yy

zz zz

z

zz

z

zz

ymm

mm

xx xy xx xy xx xy xx yx
xy yy xy yy yx yy xy yy

z

xy xy

z zz

yy yx

zz

yx
zz

zz

m m

xx xy xx xy xz zx
xy yy xy yy yz zy

zz z

xx xx
yy yy

zz

z zx zy

zz

xz yz

m m

mmm

xx xx
yy yy

zz z

xx xx
yy yz yy yz
yz zz

z

yz zz

mm m

mmm

xx xx xx xx
yy yy yy yy

zz zz zz zz

xx xx
yy

zz

m m m

mmm
xy yx

yy yx xy
zz
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xx xy xx xyxx xx
xx xx xy xx xy xx

zz zz zz zz

Material Tensors

Family Group of parameters

xx xyxx xx

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx xy xx

zz zz

xx xx

zz zz

zz zz

xx xx

yy xy
yx y

xx xy xx xy
xy xx xy xx

xx xy
xy xx

z

y

xx xx

yx xx
z

zz

z z

zz

z

xx xy yy xyxx xx

xx xy xx xy xx xy
xy

xx xx

xx xy xx xy x

yx yy yx xx
zz

x
z zz

zz zz zz

xx xx
xx

xx

xx
z

xy xx xy
xy xx xy x

z zz

x
zz zz

m

m

xx xx
xx xx

zz zz

xx xyxx xx
xx xx xy xx

zz zz zz

m

m
xx xy
xy xx

zz

xx xy xx xyxx xx
xx xx xy xx xy xx

zz zz

m

xx xx xx xx
xx xx xx xx

zz zz zz zz

Material Tensors

Family Group of parameters

xx xx xx xx
xx xx x

yyxx xx xx
xx xx yy

zz zz z

x xx
zz zz zz zz

z

xx xx

xx
zz

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx

xx
z

xy xx
zz zz zz zz

z

mm

xy xyxx x

xx

x
x

xy xy
xx xy x

x xx xy x

xx
zz

z

y
z

y
z

z zz

m

m

m

m
xy xyxx

xx yx yx
zz

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx xy xx

zz zz zz zz

m m

xx xx xx

xx xx xx

xx
xx xx xx

zz zz

xx
xx xx xx xx

zz zz

m

m

xx
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yyxx xx xx
xx xx yy xx

zz zz zzzz

Material Tensors

Family Group of parame rs

m

te

xy xyxx xx
xx xx yx yx

zz zz

xx xy xx xy xx xy
xy xx xy xx xy xx

zz zz

m

m

xx xx
xx xx

zz zz

xx xx
xx xx

zz zz

xx xy
xy xx

mmm

mmm

xx xx
xx xx

zz zz

xx xy xx xy
xy xx xy xx

zz zz

mmm

mm m

xx xx xx xx
xx xx xx xx

zz zz zz zz

xx xx
xx x

zz

m m m

m mm
xy xy

x xy xy
zz

xx xx xx xx
xx xx xx xx

zz zz

m m m

xx xy xx xyxx xx
xx xx xy xx xy xx

zz zz zz zz

Material Tensors

Family Group of parameters

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx xy xx

zz zz zz zz

xx xx
xx xx

zz zz

xx xy xx xy
xy xx xy x

xx xyxx xx
xx xx xy xx

x
zz zz

zz zz

xx xx xx xx
xx xx x

xx xy
xy xx

zz z

x xx
zz zz zz zz

xx xx
x

zz z

z

xx x

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx xy xx

zz zz z

xx xx
xx x

z

x
z zz zz

zz
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xy xyxx xx
xx xx xy xy

zz zz

Material Tensors

Family Group of paramet

m

ers

xy xy

xx xy xx xy xx xy xx xy
xy xx xy xx xy

xx xx
xx xx x

xx
zz z

y xy
zz z

z z

z

z

m

m xy xx
z

xx xx

xx xx
xx xx

zz

xx xx
z

z

z

zz z

z

m

m

xx xy xx xy
xy xx xy xx

zz zz

xx xx xx xx
xx xx xx

zz zz zz

m

m xx
zz

xy xyxx xx
xx xx xy xy

zz zz

m

xx xy xx xyxx xx
xx xx xy xx xy xx

zz zz zz zz

Material Tensors

Family Group of parameters

xx xy xx xy xx xy xx xy
xy xx xy x

xx xyxx xx
xx xx

zz

x xy xx xy xx
zz zz zz zz

zz

xx xx
xx

xx

x

x

xx
zz zz

y xx xy
xy xx xy xx

zz

x xy
xy xx xy xx

zz zz

xx xy xx xyxx xx
xx xx xy xx xy xx

zz

xx
xx

zz

z

z

z

z zz zz

m
xx

xx

x

xx xy xx xy
xy x

zz

x
xx

zz

x xy xx
zz zz

m

m

xx
xx

zz

xx xy xx xyxx xx
xx xx xy xx xy xx

zz zz zz zz

xx

m

m
xx

xx xx
zz zz
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xx xx xx xx
xx xx xx xx

zz zz zz zz

Material Tensors

Family Group of parameters

xx xx xx xx
xx xx xx xx

zz zz zz

xx xx xx xx
xx xx xx x

zz

zz

zz zz

xx

x
zz

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx xy xx

zz zz zz

xx
xx xx

zz

zz

mm

xy xyxx xx
xx x

xy xy
xy x

xx
xx

z

x xy xy
zz

y
z

z

z

zz

mm

mm
xy xyxx

xx xy xy
zz

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx xy xx

zz zz zz zz

m m

xx xx
xx x

xx xx
xx

x
zz zz

xx
zz zz

m

m

xx xx xx xx
xx xx xx xx

zz zz zz zz

Material Tensors

Family Group of parameters

m

xy xyxx xx
xx xx xy xy

zz zz

xx xy xx xy
xy xx xy xx

zz zz

m

m

xx xx
xx xx

zz zz

xx xx
xx xx

zz zz

mmm

mmm

xx xx
xx xx

zz zz

xx xy xx xy
xy xx xy xx

zz zz

m mm

mm m

xx xx xx xx
xx xx xx xx

zz zz zz zz

xyxx xx
xx xx xy

zz zz

m m m

m mm
xy

xy

xx xx
xx xx

zz zz

mmm
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Material Tensors

Family Group of parameters

m

m

m

Material Tensors

Family Group of paramete

m

rs

m

m

m m

m m

m m

m m

m m
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xx xy xx xyxx xx
xx xx xy xx xy xx

zz zz zz zz

Material Tensors

Family Group of parameters

xx x

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx

x
xx xx

zz z

xy xx
z

z

z zz zz zz

m

xx xx
xx

xx xy xx xy
xy xx xy xx

zz

xx
zz zz

zz

m

m

xx xy xx xy
xy xx xy xx

zz z

xx xx xx xx
xx xx xx xx

zz zz zz

xx
xx

zz

z

zz

xx xy xx xy xx xy xx xy
xy xx xy xx

xx xx xx
xx xx

xy xx xy xx
zz zz

xx
zz zz zz

zz zz

xy xyxx xx
xx xx xy

xy xyxx xx
xx xx xy xy

zz zz

zz zz

m

m

xx xy xx xy xx xy xx xy
xy xx xy xx xy xx xy xx

zz

xy

zz zz zz

m

xx xx
xx xx

zz zz

m

Material Tensors

Family Group of parameters

m

m

xx

xx xx
x

xy xx x

x xx

y
xy xx xy xx

z

z

z

z z

z

z

z

mm

m

xy xyxx xx
xx xx xy xy

zz zz

xx xx xx xx
xx xx xx xx

zz zz zz zz

m m

m m

m

m

m
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Note P Time reversed point group symmetry elements Note H Halving point subgroup of PNote P Point group symmetry elements

Crystal Family
of classes

Mag

P

n

P H H

et c

P

i

H
Type IIIType II

m
m

m
m m

m
mmm

m

m m

m

mmm

m

mm
m

mm
mmm

m
mm m

m m mm

m m m mmm
mm m m m m mmmmmm

m m mm

mm m mmm
m m mm

m m mmmm mmm mm m m m m m mm

mm
mm mm

m m mm

mm mm mm
m m m m
mmm mmm m mm mm m m m m m mm

m m

m m
m m m m m mm m

discrete groups

Nonmagnetic

P P
Type I

Mag

P

n

P H H

et c

P

i

H
Type IIIType II

m

m

m
mm

continuous groups

m

m
m m

m

m

m
mm mm m m

m

Colored Symmetry

International Tables for Crystallography -Volume D
Physical Properties of Crystals

PIER

Nonmagnetic

P P
Type I

SPATIAL SYMMETRIES Mirror Rotation Inversion through ori
TEMPORAL SYMMETRIES Time Inversion denoted by

in
prime

g

Marc De Graef,"Teaching crystallographic and magnetic point group
symmetry using three-dimensional rendered visualizations available
at

x y z xy xy x y x y

xy

m m m m m m m

m xz xz yz yzxym m m m m
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One fold rotation axis of symmetry

z z xyz xyz xyz xyz xyz

xyz xyz xyz

Three fold rotation axis of symmetry

Two fold rotation axis of symmetry

x y z xy xy x y x y

xy xz xz yz yzxy

x x y y z z

Four fold rotation axis of symmetry Six fold rotation axis of symmetry

z z

z
z

Notes
Rotation is in right hand rule sense with thumb pointing out from the origin along symmetry axis
Example rotation by about z axis in right hand sense i e counter clockwise

rotation by about z axis in ri

z

gh

Primed operat

t hand sense i e clockwise
n fold axis is sym

ors e g etc are obtained by
metr

incl
y r

uding time inversion
otation by n

Three fold roto inversion axis of symmetry

One fold roto inversion axis of symmetry

z z xyz xyz xyz xyz xyz

xyz xyz xyz

z z z z

Notes
Example

x x y y z z

Six fold roto inversion axis of symmetry

Four fold roto inversion axis of symmetry

z z
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z

Continuous rotation axis of symmetry

Continuous mirror plane axis of symmetry

xym

Continuous two fold rotation axis of symmetry

xy
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h
e

E J j B
H J j D

e
h

D
B

D E H
B E H

e h

e h

E H
D B

a duality transformation
not uniqueJ J
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h

e

E J j B D E H two different sources fields
but same frequency and mediumH J j D B E H

e e h h
if reciprocal environment

source and observer can be interchanged
Note A B B A A B

E H E H E J E J H J H J j H B H B E D E D

T

T

T

T

E E E E
H H H HH B H B E D E D if for reciprocal media
E H H E
H E E H

tE H
E H

PEC

t E n B

n

z

hnJ
htJ

enJ
etJ

hnJ
htJ

enJ
etJ

t E n B

z

HE HEt

hnJ
htJ

enJ
etJ

cD P E L cB

H cBM E Q

R cD R P R R E R L R R cBR cD R P E R L cB
R H R M R R E R Q R R cBR H R M E R Q cB

EBC formulation
reveals how D H

P L M Q transform

R xx yy zz

e e

h h to ensureJ R J
t E n

J R J

B
R B

R
E

B
E
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D E H

EH

B HE

R D R E R H R D R R R E R R R H C form
R B R E R H R B R R R E R R R H

ulation

xx xy xz xx xy xz

yx yy yz yx yy yz

zx zy zz zx zy zz

xx xy xz xx xy xz

yx yy yz yx yy

zx zy zz

R R R R

R R R R
what media is

yz

zx

image
theory most ame

zy zz

nable

image medium

h

e

E J j H
H J j E

hE J
H

j

e hE k E j J J k or

e
e he e

not so fun

E E E J well knownE k E j J JJ resultjE
j
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xx xy xz xx xy xz xx xy xz xx xy xz

yx yy yz yx yy yz yx yy yz yx yy yz

zx zy zz zx zy zz zx zy zz zx zy zz

Must use Maxwell s
equations directly

Key point
h

h
e

e

I j E J j HE I E J j H j E or
I j H J j EH I H J j E j H

hJI j EH
j j

E e hW E I j I j E j J I j J

EW is

xx xy

yx yy t z

z

z z for

Transverse Relations

t z t et t t t tz

t z t ht t t t tz

Longitudinal Re

t t ez z z z z

t t hz z z z z

zH z H J j E j H

zE z E J j H j E

H zJ zj E zj H
E zJ zj H zj E z z z z

z

lations

t t ezz z z
jz z z t t hz

H zJzEor zH E zJ
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z z

z z

z z

z z

t t t t t t t t t t t t t tz
t

t t t t t t t t t t t t t tz

t t st tt t st

I I j z I
L

I j z I I

L iL F L J F s blL oL ckJ

z z

z z

z z

z z

t t t t t t e
st t

t ht t t t t

j zz zz E JL F J
H Jzz j zz

xx xy

yx yy

z
z

t t ezz z z
jz z z t t hz

H zJzE
zH E zJ

Transverse Relations Lon

t z t et t tze t t z t ez z z

h t t z t hz z zt z t ht t tz

zH z H J j EH J j I zz E H zJ zj E
E J j I zz H E zJ zj HzE z E J j H

gitudinal Relations

t t tr t t et et etr t e t e

t t tr t t ht ht htr t h t h

E E E z J J J u zv D Helmholtz
expansionH H H z J J J u zv

zTMzTEt
t z etr t tr

tr
ht t t

t tr hz z z

H
zH z J j E

z
E

z J j H
z

E zJ zj H

t
t z htr t tr

tr
et t t

t tr ez z z

E
zE z J j H

z
H

z J j E
z

H zJ zj E

t t e
t t ez t h

z z

e z t ez
t z

u
k J j v

zz

u E J
j z j

t t h
t t hz t e

z z

h z t hz
t z

u
k J j v

zz

u H J
j z j

ezJ z tE E

trH

hzJ z tH H

trE
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e

h

j j H J j E
E J j Hyj j

y

y

t y y t ht t ht ey

E
hx zx

Ez hz x

t

E k E y J j J j J

JjH
jH J

x z k
x z

y

y

t y y t et t et hy

H
ex zx

Hz ez x

t

H k H y J j J j J

JjE
jE J

x z k
x z

y

x z
TM

TE TE

y

x z
TE

TM TM

y

y

xz

H
ex x zz

H
ez x zx
EE

hy yx z

J j E E

J E j E

J j H

y

y

xz

E
hx x zz

E
hz x zx
HH

ey yx z

J j H H

J H j H

J j E

h

h

h

h h
h

h

E J j H
H j E

E or D
H

D E F
H j F

F k F F J j
F j Lorenz gauge

F k F J
E F

j

much nicer
H k F F

e

e

e

e e
e

e

E j H
H J j E

E
H or B

B H A
E j A

A k A A J j
A j Lorenz gauge

A k A J
H A

E j

much nicer
k A A
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e

e

e

e e

E j H
H J j E

E
B H

B H A
E j A

A J A j
A

Not Isotropic Vector Potential

Transverse Relations

t z t et t t g t t t g tz

t z t ht t t g t t t g tz

t ez z z z z

zH z H J j E z E j H z H

zE z E J j H z H j E z E

H zJ zj E zj H
E z z z z

z

Longitudinal Relations

t t ezz z z
jz z zt hz z z z z t t hz

H zJzEor zHzJ j H j E E zJ

t t t t t t
t tet t e t e ht t h t h

lamellar rotational

E z H z
zJ u zv J u zv

t g

g t t t g t z

z

j
j I j z I z z for

Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

64



t g g t t g g t g t g g t g t g g tz t t t t

t z t t t t t t

g t t g t g t g g t gz t t t t t t

t z t t t t t t

t tz z z z

t z z z z

L

L g t g g t t g

t

t g g t g t g t g t g g t g t g g tz t t t t t t

t z t t t t t t t

t g g t t g gz t t t t

t z t t t t

t z z z z

t z z z

L

L

t g g t t g t gt t z t t t t z t

t t

t g g t t g

t t z t t t t t z

g t g tt t t z t

t t t t t

g t g g t

z

t t

j
e e ez h

tz

h h hzz z

j
e e ez

s u u J u u v J

s u u v t g g tt t z t

t t t

t

t z

t g g t g t t g t e t hz z
j

t g g t t

ez h h hz

g g t t e t hz

z

z

J u u J

u u

u u

s s L iL L L L
L L s blocks sL L

z z z z

z z z z

z z z z

z z z z

z z z z
z t t e hj j j j

z z z z
z t t h ej j j j

t t t

t t t

E z E z z J J

H JH z z z J

Constitutive relation form greatly influences analysis methodology

Scalar potentials should also be taught for SIMPLE media
to aid in transition to complex media

Consider all factors before solving problems
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z y

x y z z x

y x

Show the operator I I xx yy zz x y z

TShow v A v v A v if A A

Field and Potential Based 
Methods in Anisotropic 

and Bianisotropic 
Electromagnetics
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y x zTM TE TE

y

y

t y y

E
zx

Ez
x

E k E k

jH
jH

z zy y jk z jk z
y y y x x

separation
of variables

E E
E x z f x g z k E E A k x B k x Ce De

x z

m m

zm zm

A A
y jk z jk z

ym xm
y x xm

zm xm

E z z B
E x z k x AC e AD em mE a z z k k m triviala k k k

x

y

a

b
j

j

j

j
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zm zm

y

y

j
E

k z jk z
ym xm m m

zx
Ez
x

jH
jE k x A e A e H

zm zm

zm zm

zm zm

zm zm

jk z jk z
xm zm xm m m

jk z jk z
xm xm m m

jk z jk z
zm zm xm m m

jk z jk z
xm xm m m

H k k x A e A e

k k x A e A e

H j k k x A e A e

j k k x A e A e

a
a

Na a

b
Nb b

b
Nb b

c
Nc c

TE Mode E yE x a
a y invariant modeab

xx yy zz e

xx yy zz h

xx yy zz J y invariantxx yy zz J

z

y yx
x y y

z

y y
x z

x z

TM Modes

H H
H

x z
H H

E E
j z j x

boundary condition enforcement
leads to a zero field

z

y yx
y x y

z

y y
x z

x z

TE Modes

E E
E

x z
E E

H H
j z j x

zm zm

zm zm

zm zm

jk z jk z
ym x m m

jk z jk zzm x
xm xm m m zm y x xm

x z
jk z jk zxm
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using separation of variablesE k x A e A e
kH k x A e A e k k

k mH k x A e A e k m
j a
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E E E
W E or W E W k k

H k E I xx yy zz k k I
known as the kEH formulation

H k E

jk r

e h jk r
E E eJ J and jk thus
H H e

hJI j EH
j j

E e hW E I j I j E j J I j J

eigen

E eigen

E eigenk

W determines allowed eigenvalues i e propagation constants k
W E determines eigenvectors i e polarization states E

xx yy zz
z

xx yy zz

xx yy zz
and k zkxx yy zz

xx z yy x

E yy z xx y

zzz

z

xx
x

z
y

yy
z

k

EkH E
E

k E
W E k E

E

z z xx yy zz z
E xx yy zz

yy xx z z yy xx z

physical insight implies these to x z plane
polarizations are expected can you explain

k k kk kW
k k k

z

x
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H
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H
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H

E

H
k

kz

x y z zj xk yk zk xx yy zz jk zjk r
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y

x

z xy x
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x
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E
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E

z z x y xy
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E E e y
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H
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zjk zE yE e
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Z

H x e

zk zk zE jk z
Z

H x e

zjk zE yE e

zk zk

x

z yx
Z

k

H

eJ

gapyEH

eJ

gapyE

z
y

e h e h

jk r
h

jk r
e

jk r e

J Jjk r h
jk

E E e kE J j B
H H e kH J j D

D kD D e

B

D

D

BkB

H

B
B

E

e

jk rEW matrix E e

E E H kEH formulationk k E
as already disc

B
ussedE HH

D

BDk
H

k

k I E
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E

H

Bk

D
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D

k
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k t k t

k t k t

D D D D kD D

B B B B kB B

k

k

tk

k k

t k

t t

E kE

t

t
H k

kk

H

B kB

t

t
D kDkk

EE kk
k

BB

k H DD H

tt tk
tt tk kt kk

kt kk

general matrix decompositionM M
M M M M M

M M t k transverse to along k direction

t k t ktt tk kt kk tt tk kt kk

tt tk kt kktt tk kt kk

t k t

t k

t k

k

D kD B kB tt t tt t

kt t kt

D k

E kE t

k

H
D B

k
k

H
B

D B
DD B

D

E
EE

H B
t

tt t tt t

kt t k

t

k t t

B
D B

H B
H

D

t tt t t tt t t t ttt t tt t

tt t tt t t tt t tt t t t t

t
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B D B B I BD B
D B D D

EE
H B D IH k D

k k

k

tt t t tt t t t tt tt tk D I k B B I k k D

tt t tt t tt tt t t t

t tt tt t tt tt t

k D k I k k D I D

I k k I k k D

Dt t t tt tt t tt tt t

t t tt tt t t

W D I k k I k k D kDB
formulation

B I k k D D defines polarization
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kDB system can offer mathematical simplification for complex media

Consider all factors symmetry invariance etc before solving problems

Take time to make sure results make physical sense

x zFind the oblique k xk zk plane wave fields inside a biaxial medium
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y x zTE TM TM

y

y

t y y t et t et hy

H
ex zx

Hz ez x
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H k H y J j J j J

JjE
jE J

x z k
x z

h hyJ yJ x zj

j
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y
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y y
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Het
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x

H x z H x z
k H x z j J x z k
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J
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h hyJ yJ x zj

j B

s s
y y s

y
H H

k H
x z

j

j B
scattered solution

no source but boundary

h hyJ yJ x zj

j B

p p
y y p

y hy
H H

k H j J
x z

principal solution
source but no boundary

xz

zp

p p FTy y hy x z hy x zp p
y hy y x z

z zp z zpz x

k

H x z H x z j J k k j J k k
k H x z j J x z H k k

k k k kx z k k k

x zjk x jk z
x x x x z zf x z f k z e dk f k z f k k e dk generic Fourier Transform FT

z z zjk z jk z
hy x z hy x hy

jk zp p
y x y x

z
x z z J k k J k z e dH k z H k k e dk z J k z e dz

z

hh p
yy x

zjk z
p hh p
y x z yy x hy x

z zp z zp z

G k z

jk z

h

what does this represent physical

y

z ly

x
z

j eH k z dk G k z z J k z dz
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e J k
k

z dz
k
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pC

pC

C
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z imk

zpk

zpk

zjk z z
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yy x z

z zpz zp z zp

simple polesj eG k z z dk at k kk k k k

z re z im z re z imj k jk z z jk z z k z z UHPC z ze e e LHPC z z

pC C

zpjk z z
hh p
yy

zp

eG z z
k

z z
C

Cauchy s Integral Theoremf k dk f analytic within on C

pC C

z
z z

z zC

f k Cauchy s Integraldk j f k Formulak k

zpjk z z
hh p
yy

zp

eG z z
k

zp

p hh p
y x yy x hy x

z
jk z z

hh p
yy

zp

H k z G k z z J

make sens

k z dz

eG
k

e

x

zp

s s sFTy y y xs s
y x y x

k

H x z H x z H k z
k H x z k k H k z

x z z

zp zpjk z jk zs
y x x x

scattered solutionH k z W k e W k e up down going waves in z

zp zp

jk z zzp

zp
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y x yy x hy x

z
e

k

jk z jk zs
y xx xy xH k z G k z z J kH k z W k e W k e totalH k z solutz i nz od
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zp zp
zpjk z z

hy x
zpz

jk z jk z
xy xx W k e W ke J k z dzH z e

k
k

zp
zpjk z z

hy xy x y x
jk z

z
x

zp
W W kH e J k z ek z H k z dz

k

h hyJ yJ x zj

j
x

B

z

W

W

x x x xE x E k need to calculate E

z
zp

pjk
jk

y x

z z

hy x
z

x
pz

ze JH k z k z dz
k

W k e

y y yH H H
x x x yz x zE j E j jk H

zp

zp
zp

jk z z

x x zp hy x
zpz

jk z z
jk z

x hy x zp x
zpz

e z zE k z k J k z dz
k z zz z z zej k J k z dz k j k W e

k

taken in distributional sense or use Leibnitz s rule
z
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zpjk z

x x zp x hy x zp x
zpz

eE k k j k J k z dz k j k W
k

zpjk z
zp x

hy x
zp zp xz

k j keW J k z dz
k k j k

zp
zp

jk z z

hy x
zp

x
z

z
y

jkH k e J k z dz
k

Wz e

hh
y

p

y

zzp jk z zzp x hh s
yy

zp x

R

j
y x hy x hy x

zpz

k z z

z

hh

G

p
yy

k j k
e G

k j
H k z J k z dz J k z dz

k
G

k
e

zp x

zp x

k j k
R if as expected

k j k
hyJ

Bz

z p

R

sj

j

zp zpjk z zzp x hh s
yy

jk z z hh p
yy x hy x hy x

zp
y

p x

R

zz z

H k z J k z dz J
k j

k z
k

e G
k j k

e G dz
k

x x xjk x jk x jk x
y y x x hy x hy hy

x

H x z H k z e dk J k z J x z e dx J x z e dx

zp zp x

hh
yy

jk z z jk z zzp x jk x x
x

zp zp x

R

G x x z

y h

z

y
z x

k
H x z J x

j k
e e e dk z dx dz

k k j k

x
zp x

branch points at k kk k k radiation mode spectrum

xzp x x

xzp x x

N k pole contribution weightk j k N k
pole singularityD kk j k D k surface wave mode
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thy exp
t

z
n

S S

S S

z dz

PP

SS

PEC

mJmJ

t
t

z

Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

82



p
E h

E

W E z J z
W I

s
EW E z
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k
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Solving problems directly with Maxwell equations can be challenging

Use EM theorems to aid in analysis and physical insight

Fourier transforms and complex analysis are critical tools in EM

trFind an expression for the parallel plate spatial domain field E z
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Scalar potentials are limited to bianisotropic gyrotropic media

Scalar potentials can simplify the mathematical formulation

Scalar potentials can enhance physical insight
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Scalar potentials are limited to bianisotropic gyrotropic media

Scalar potentials can simplify the mathematical formulation

Scalar potentials can enhance physical insight
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