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Preface

The “2019 URSI Commission B School for Young Scientists” is organized by URSI Commission B
and is arranged on the occasion of the “URSI Commission B International Symposium
on Electromagnetic Theory (EMTS 2019), May 27 - 31, 2019, Westin San Diego Hotel, San Diego,
CA, USA. This School is a one-day event held during EMTS 2019, and is sponsored jointly by
URSI Commission B and the EMTS 2019 Organizing Committee. The School offers a short,
intensive course, where a series of lectures will be delivered by a leading scientist in the
Commission B community. Young scientists are encouraged to learn the fundamentals and future
directions in the area of electromagnetic theory from these lectures.






Program

1. Course Title

Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

2. Course Instructor

Prof. Michael J. Havrilla
Department of Electrical and Computer Engineering,
Air Force Institute of Technology (AFIT), Wright-Patterson AFB, OH, USA

3. Course Program

Date: Monday, May 27, 2019
Venue: Westin San Diego Hotel, San Diego, CA, USA (EMTS 2019 venue)
Schedule (Coffee breaks are also included):

0800-0845 Lecture 1 Maxwell’s Equations and Constitutive Relations
0900-0945 Lecture 2 Factors that Influence Anisotropy and Bianisotropy
1000-1045 Lecture 3 Field and Potential-Based Methods of Analysis
1100-1145 Lecture 4 Field-Based Examples — Sources Not Present
1200-1300 LUNCH

1300-1345 Lecture 5 Field-Based Examples — Sources Present
1400-1445 Lecture 6 Potential-Based Examples — Sources Not Present
1500-1545 Lecture 7 Potential-Based Examples — Sources Present

1600-1645 Lecture 8 Conclusion and Future Research






Lecture Abstract

Field and Potential Based Methods in Anisotropic and Bianisotropic

Electromagnetics

Prof. Michael J. Havrilla
Department of Electrical and Computer Engineering,
Air Force Institute of Technology (AFIT), Wright-Patterson AFB, OH, USA

Recent advances in rapid prototyping techniques, such as 3D printing, have made the manufacturing of
complex media such as anisotropic and bianisotropic media possible. This capability has subsequently
placed a greater need to incorporate the teaching of complex media into the advanced undergraduate
and graduate educational curricula. The goal of this short course is to develop and demonstrate both
field and potential based analytical techniques for the solution of electromagnetic problems involving
complex media. First, it will be shown how symmetry has a profound influence on material tensor
properties and how this symmetry can be utilized to fabricate anisotropic and bianisotropic media.
Next, it will be shown how these material tensor properties influence the method of analysis; either a
field-based or potential-based technique. Field-based techniques, which are directly based upon
Maxwell’s equations, will be discussed first. Examples, including the analysis of plane waves in
general bianisotropic media and the analysis of a parallel-plate waveguide filled with a uniaxial
medium, will be provided to demonstrate the field-based methodology. It will also be shown why the
well-known vector potential method for isotropic media becomes invalid for complex media. This
subsequently leads to a scalar potential formulation that is valid for gyrotropic anisotropic or
gyrotropic bianisotropic media. Examples of the scalar potential formalism are given, including the
analysis of a parallel-plate waveguide filled with a uniaxial medium. A comparison between the field
and potential-based formalisms is provided to better understand the advantages and limitations of each
method. A conclusion and future recommendations are also provided.



Biographical Sketch of Course Instructor

Michael J. Havrilla received B.S. degrees in
Physics and Mathematics in 1987, the M.S.E.E
degree in 1989 and the Ph.D. degree in electrical
engineering in 2001 from Michigan State
University, East Lansing, MI. From 1990-1995,
he was with General Electric Aircraft Engines,
Evendale, OH and Lockheed Skunk Works,
Palmdale, CA, where he worked as an electrical
engineer. He is currently a Professor in the
Department  of  Electrical and Computer
Engineering at the Air Force Institute of
Technology (AFIT), Wright-Patterson AFB, OH.
He is a member of URSI Commission B, a senior
member of the IEEE, a senior member and current
Vice President of the Antenna Measurement
Techniques Association (AMTA), and a member of
the Eta Kappa Nu and Sigma Xi honor societies. Dr. Havrilla has received various teaching
and research awards, including the AFIT Instructor of the Quarter Award and the Air Force
John L. McLucas Basic Research Award. His current research interests include
electromagnetic and guided-wave theory, electromagnetic propagation and radiation in

anisotropic and bianisotropic materials, electromagnetic characterization of complex media,
quantum field theory and general relativity.
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Overview — Lectures/Big Picture

MACROSCOPIC

EMTS 2019 bilo T LIL
Field and Potential Based EQUATIONS
Methods in Anisotropic
and Bianisotropic
Electromagnetics

R

LECTURE #4,5 ©
FIELD & POTENTIAL
SOLUTIONS/EXAMPLES

LECTURE #1:  Review various forms and regimes of validity of Maxwell’s equations and constitutive relations.

LECTURE #2:  Discuss factors that influence anisotropy and bianisotropy.

LECTURE #3:  Discuss field and potential based methods for solving electromagnetic problems.

LECTURE #4,5: Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.
LECTURE #8:  Summary, conclusions and future research.
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Overview — Primary Goals

GOAL#1

@

EMTS 2019

Field and Potential Based
Methods in Anisotropic
and Bianisotropic

Electromagnetics I

GOAL #4

GOAL #1: Gain a deeper appreciation of Maxwell’s equations and the regimes of validity.

GOAL #2: Develop a better understanding of constitutive relations and recent areas of electromagnetic material research.
GOAL #3: Understand the profound influence that symmetry has on material tensor properties and design.

GOAL #4: Learn how to solve Maxwell’s equations involving complex media using field and potential based techniques.
GOAL #5: Obtain deeper physical insight into electromagnetic field behavior in non-isotropic environments.

GOAL #6: Apply knowledge learned in your own personal research.




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

—

2019 International Symposium on
Electromagnetic Theory e S

LECTURE #1

Maxwell Equations and Constitutive Relations

Dr. Michael J. Havrilla
Professor
Air Force Institute of Technology
WPAFB, Ohio 45433
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Fundamental Physics and Maxwell Equations (Quantum vs. Classical)

QUANTUM CLASSICAL 1 5(\/@11/1%5) _
Quantum Gravity lassical limit lgl
q classical lImi
(String Theory?) ONy5 N ONjg, N N,y 0
classical gravity ol P
- Quantized version of GR St it
- Particle creation via gravity uantum Field Theor R |
- Particle creation via h|gh energy Q o Y classical limit "General Relativity (GR - Non-inertial frames
I 2 e GRS (Curved Spacetime) _ i - Relevant in cloaking analogy
no gravity inertial frame, - J. Van Bladel, EM Fields, 2007.
- Quantized version of SR no gravity

- Particle creation via high energy - Typical engineering regime

Quantum Field Theory

- Fields are now operators . classical limit » Special Relativity (SR) - Inertial frames

) ) " (Flat Spacetime) ) T
- Relevant in nano, cavity QED | | - Relevant in most applications

ow speeds ow speeds - Mi Armitizgif

* “Quantum Electromagnetics: A New P icl ! "p ! Micro/macro EM limitations!
Look-Part I,II,” W. Chew, et al., IEEE no particles small stress,
Journal on Multiscale and Multiphysics created or add weak v D — 0B
Comp. Tech., vol. 1., pp. 73-97, 2016. destroyed gravity = Pe VXE=-%"

Nonrelativistic

T —— classical limit »/ Newtonian Physics * “Electromagnetics, 3" Edition.” .

Rothwell and M. Cloud, CRC Press, 2018.

* Adopted from “Modern Classical Physics,” Kip Thorne and Roger Blandford, Princeton University Press, 2017.
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Maxwell Equations (Microscopic vs. Macroscopic Assessment)

MICROSCOPIC CEM MACROSCOPIC
&V-e=n ' V-D=p,
LVl =T e 8 77
#—OVXb—l"r‘gOat %D VxH Je+%—?
- Q
-~ < T OB
Vxé=-% %“ VxE=—%"
V-b=0 | Nanoscale OED V-8=0
. . Atomic Scale ~
5 f microscopic > . _  macroscopic |
é,b... d Frequency E,B..
fields average fields
ni microscopic N, >>1 3 macroscopic
charge,current  |d << A: ..a=x,y,z (for valid macroscopic EM model)!!! Pe> "charge,current
£a<<j’ D=50E+P—V-§+

G. Russakoff', " A Derivation of the Macroscopic Maxwell Equations," = ~ =
i . f P q H=2 M-{-V'MQ—”-
American Journal of Physics, Vol.38, No.10, pp.1188-1195,1970. Ho
1 Adopted from S. Tretyakov, “Contemporary notes on metamaterials,” IET Microw. Antennas Propag., 2007, 1, (1), pp. 3-11.

2 Adopted from A. Sihvola, “Metamaterials: a personal view,” Radioengineering, Vol. 18, No. 2, June 2009.
3 Adopted from A. Sihvola, “Metamaterials in electromagnetics,” Metamaterials Vol. 1, No. 1 (2007) 2-11. 6

Macroscopic Maxwell Equations (Various Forms - Valid for Inertial Frames)

Vector Form Tensor Form (Manifestly Covariant Form)
Engineering | Working Form
(Eng g g g ) Oy gy O, 0G* _
V-D=p, ol axf ox“
VxH :je 4 %_? 0 E, E, E. 0 -cDy -cD, —cD,
VxFE= _%? s -E, 0 —cB, B, civ _ cD, 0 -H, H,
o - > -
V.B-0 Ol-E, B, 0 B, ¢D, H, 0 -H,
. —E. —cB, B, 0 ¢, -H, H, 0
polar vector  axial vector o 1 ) 5 0 1 , ;
; 1. . T"O— x =ct,x =x,x"=y,x =z ; J =cp,,J =J,,J =Jey,J =J,.
m m Clifford Form (polar | axial vector clarity)
V-D=p, (scalar) — —
. ., VAF=0,V-G=J
V-(H)z—Je—E(vector) _ . I L =
o or \V=V-gL, F=Eq—cB,G=cDé~H ,J=éycp,+J,
VAE= —%—B (bivector | pseudovector) . L
. ! B=IB ,H=IH , I =¢¢ée;=xyz
V A B =0 (trivector | pseudoscalar)
Pertti Lounesto, “Clifford Algebras and Spinors, Second Edition,” Cambridge University Press, 2001. 7
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Macroscopic Maxwell Equations (Including Magnetic Sources - Valid for Inertial Frames)

Vector Form

Tensor Form
V'D:pe aFaﬂ+aFﬂ7 aF/a__M OGH# g
7 _ 7 40D ol ax® P By o
XH—JQ-FE Myp, =0(a=p,B=y,a=y)
- ; 0 E E E 0 —cD, —cD, —cD apy TUNEEPPEDE=T
VxE J oB X ¥ z X y z
8 h e -E, 0 —cB, ¢B, " D, 0 ~H._ H, Aj;[ 123,231,312 = _]\A; 321,132,213 = C?k
— F = ) R G = - s =— ==Jix
V-B=p, w = E, cB, 0 —cB, D, H, 0 _H, M023,230,302 ) _M320,032,203 - _J/n
E B B 0 D - " 0 031,310,103 = ~M130,013,301 = 1y
- -cB, c¢B, : -H,
) ’ ' . ! ' M12,120,201 = =M210,021,102 =~/ 1z
XOZCI,XIIX,XZIy,x3:Z ) JO:CpealeJex’JZ:JC')/'ﬂJ:;:JeZ

Clifford Form
V-D=p, (scalar) VAF=-M ,V-G=J
V~(ﬁ)=—je—%—?(vector) V=V-4L  F=E-cB,G=cDé-H
VAE= —jh —%—é (bivector | pseudovector) . J=éycp,+J, , M=cp,+ jhéo
VAB = py, (trivector | pseudoscalar) B=IB,H=IH , jh =1jh  Pr=1py , 1 =665 =32

Macroscopic Maxwell Equations (Vector Form) — Transform Domain

V x E(7,0) = =J (7,1) - 2L

o oV D(F,t)= Pe(F,1)  time domain Maxwell
VXI:](F,t) :je(F,t)+ aDg,z) ,V-E(F,t) = p,(F.1) equations (TDME'"s)

Excitation (Input) Response (Output) Analysis Method

Time Harmonic ~ \/\/\, i ANNY Phasor (o = @, = single discrete frequency)
inear
Periodic [T Sz JUuuL Fourier Series (0=, =n™ discrete frequency)
Aperiodic YA N — N

Fourier Transform (o = continuous frequency)
F(F,t) = Re{F(F,,)e’™"}

_ v _)TDMEIS:>VXE_’(}_;:[OO):__"]h(f;aa)O)_jwqu(faa)O),V'_’D(f;,a)o):pe(z;,(l)o)
(F = generic field : E,J,,etc.) 2, ia Vx H(F,wy) = J,(F,a) + jooD(F @) , V- B(F,ap) = p,(F,a3)
ot
FF )= Y. F,(F.0,)e’ " >TDME's =
(o)

n=—0w

VXEn(?awn):_jhn(fﬂa)n)_ja)l7§n(’77wn) 5 V'Dn(}_;aa)n):pen(?awn)
74)(0’1 VXHU(;:’ a)n) :Jei’l(’_;’ a)n) +ja)l1D’1 (}_;’ a)n) > V .Bn(;:’ a)ﬂ) = phﬂ (f7a) )
. T : V x E(F,0)=—J,(F,0)— joB(F,0),V-D(F#,0)= p,(F
F(I_’:,t)zzL J. F(?,a))e]mda)—)TQME's — X (V,CU) h(raa)) _][0 (V,CU) 5 (7",(()) pe(raa))

T 0

——jo

Vx H(F,0)=J,(F,0)+ joDF,0),V - B(F,0) = p,(7,0)
ot

The transform domain Maxwell equations all have the same fundamental form!
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KEY Take-Aways

Technology pushing limits =
Need to understand the various forms of Maxwell

equations and their regimes of use / validity!!

Different mathematical formulations (vector,tensor,Clifford, etc.)

provide varying mathematical and physically insightful advantages.

10

Maxwell Equations - Homework

For an overview of the tensor formulation of Maxwell’s equations, read Chapter 7 of J. Kong, “Electromagnetic Wave
Theory, Second Edition,” John Wiley, 1990.

OF OF OF ap
Show that —L + —PL  — 1% __pp G~

, =J* are indeed Maxwell's equations.
al o af W o

For a brief overview of Clifford (i.e., geometric) algebra, read the paper: J. Chappell, et al., “Geometric Algebra for
Electrical and Electronic Engineers”, Proceedings of the IEEE, Vol. 102, No. 9, September 2014.

For an application of general relativity in electrical engineering, read the paper: U. Leonhardt, et al., “General Relativity in
Electrical Engineering”, New Journal of Physics, Vol. 8, 2006, (doi:10.1088/1367-2630/8/10/247).

o . - op, - op,
Show that the continuity equations V -J, = —ﬁ,v Sy == 'fh

ot ot

can be derived from Maxwell's equations.

11
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Well Posed EM Model

Maxwell Equations Boundary Conditions
V-D=p, i (B~ E)=—Jy,

. Constitutive Relations - _ _
VxH:JeJr% ‘ = = I Lorentz Force I Ax(Hy—Hy) =, | —
~ =& = = = = . ——

VxE=—3B _ 0_...f0rexample I F=qF+qvxB I n-(Dy— D)) = p,,

~ o B= ,U()H - -
V-B=0 n-(By = B) = pys

WELL POSED /UNIQUE MATHEMATICAL AND PHYSICAL MODEL

. F - F—gE
E= lim —| ..a PUSH /PULL Force VxB= lim —4
g—0" q 520 00 q iy

...a DEFLECTIVE Force

Note : n=unit normal pointing from region I into region 2. b

Maxwell Equations in Free Space

- _ - —P - S, .
VXE:—%—Z;:—IL[O%—I;] __:_ VXH:J6+%—?:J6+EO%_€
e o VE:V,LlOFlzo or VF[ZO
H Ho
% > ) @W
Ao
+
+t
ey
+p

Waves in complex media @“

Need to explore constitutive relations!
13
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Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Constitutive Relation Choices

D=D(E,H) E=E(D,B) D =D(E,B)
B=B(E,H) H=H(D,B) H=H(E,B)
Good form when Good form when
enforcing boundary dealing with plane
conditions and waves in complex
determining power media.
flow direction (often
the EE standard).
D| |&§ E||E E| [& 7]|D cD P LI||E
B¢ alla] a7y v)| 8] A s 0| B
Crn Cps Crp

In general, C can contain differential or integral operators.

14

Constitutive Relations - Overview

D[E(F,0),H(7,t)]  functions of time, space and fields
B[E(7,0),H(F,t)] (and other factors, e.g., heat, stress)

D D I
NH H NH H NL L
ND ND NI
Time Space Fields
H/NH=Homogeneous/Not Homogeneous L/NL=Linear/Not Linear

D/ND=Dispersive/Not Dispersive I/NI=Isotropic/Not Isotropic
15
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Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Constitutive Relations — Temporal Definitions and Examples

Temporally Homogeneous — time independent (time invariant).

Temporally Non Homogeneous — time dependent/temporally inhomogeneous (time varying).
Temporally Dispersive/Non-Local — dependent on temporal derivatives/integrals (memory/delay in response).

Temporally Non Dispersive/Local — independent of temporal derivatives/integrals (no memory/instant response).

D ty to+7 t t+71
- | HND | 1 1
D(F.0)= [ e(EF )l | D)= EEF )} = [ alt- WEF, )t
J o ty to+7 ot
JLJLIHD | A
NH H
ty to+7 t +7
D) =eEF,t) | D) =eE(F.1) ﬂ_ _ﬂ_ NH,D S\~
ND lo to+7 Lot
JL JLINHND | 1 A

Time

16

Constitutive Relations — Temporal Definitions and Examples

Applications: Modulation of amplitude/phase/polarization, delay lines,
reconfigurable media, dispersion matching or compensation, mode propagation
control, resonance control, non-reciprocal media ... to name just a few.

Frequency Dispersion Compensation in
Time Reversal Techniques for UWB

SECOND EDITION

ELECTROMAGNETICS

17
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Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Constitutive Relations — Spatial Definitions and Examples

Spatially Homogeneous — position independent/spatially invariant.
Spatially Non Homogeneous — position dependent/spatially inhomogeneous/varying.
Spatially Dispersive/Non-Local — dependent on spatial derivatives/integrals.

Spatially Non Dispersive/Local — independent of spatial derivatives/integrals.

D & £

H,ND

D(7,0) =[e(F)+ B(F)V xI1-E(F,1) D(F,0)=[e+ BV xI]-E(F,1)

&p

AVAN T Y AT

o . |€0).BF)

NH H

D(7,t) = &(F)E(F,1) D(F,t) = ¢E(F,1)

ND

E

NH,D

AN INHND

Space

18

Constitutive Relations — Spatial Definitions and Examples

Applications: Polarization control, cloaking, radiation
enhancement, surface wave control, impedance matching, etc.

Mlontenmagnatic PUYEICAL BLVIZW VOLUME 132, NUMBLER 7 15 DCTOBER 1663 1 Py Condens. Maner 28 (2068 395222 (L gy :
in Chiraland . . . . .
:-?::S!‘I:Piﬁ ',Cfe::.'; Theoretical and Experimental Effects of Spatial Dispersion on the Tammg Spat]a] dlspersmn mn
Optical Properties of Crystals . .
wire metamaterial
T, J- tlozrmrnt

Pepistincrit of Plivsics, Unirersity of Colifornin, Burioley, Cotifornia A Demetriadou and J B Pendry

axn

. G, ThoMas
Bell Uedsphone Laboratories, Husray 1, New Jersey
(Reoxived 14 e 1963)

ud resulls in a dielecoric constont

ELECTROMAGNETIC WAVE PROPAGATION IN NON-
Applications of Research Article Vol 3, No. 2/ February 2016/ Optica 179 LOCAL MEDIA — NEGATIVE GROUP VELOCITY AND
Metamaterials = i
S. M. Mikki
Op ( : Royal Milltary College
Canada
A. A. Kishk
Di B - - - | 1 University of Mississippi
Ispersion engineering via nonioca UsA

transformation optics

Massimo Moccia,' Giuserpe CasTALDI,' VINCENZO GALDI,"* ANDREA ALU,? AND NADER ENGHETA®
"Waves Group, Department of Engineering, University of Sannio, 1-82100 Benevento, ltaly

“Department of Electrical and Computer Engineering, The University of Texas at Austin, Austin, Texas 78712, USA

*Department of Electrical and Systems Engineering, University of Pennsylvania, Philadelphia, Pennsylvania 19104, USA
“Cormesponding author: vgaldi@unisannio.t

19
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Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Constitutive Relations — Field Definitions and Examples

Linear — independent of field strength.
Non Linear — dependent on field strength.
Isotropic — independent of field orientation.

Non Isotropic — dependent on field orientation.

LNI| ~
L1~
NL,I| "

NL,NI | A

D(F,t)=[&+& - E(F,0]E(F,1) D(7,t) = ¢E(F,t)

NL L

D(7,t)=&-E(F,t)+ & - E(F,0)E(V,1) D(F,t)=&-E(7,1)

NI

g s

Fields

20

Constitutive Relations — Field Definitions and Examples

Applications: Polarization control, non reciprocal media,
cloaking, radiation control, frequency conversion, etc.

VA A YN nature
sTiT REVIEW ARTICLE hotonics
CoMmMURCATIONS PUBLSHED ONLINE: 28 NOVEMBER 2013 DO 101038/ NPHOTON 207243 P
Electromagnetics
of Bi-anisotropic Materials ARTICLE N A
T e e = Hyperbolic metamaterials
P i Glant non- recmrocnty at the subwavelength scale
Sacdrdes | Semomtn, 2 . 3 i Kivshar®
5. Yrntyakos and A, Sitvols using angular momentum-biased metamaterials Alexander Poddubny*?*, Ivan lorsh', Pavel Belov'? and Yuri Kivshar'4
Dimitrios L Sounas', Christophe Caloz? & Andrea AW’ i is ificis i by useful for
in nature. They can be employed to realize useful functionalities in emerging metadevices based on light. Here, we review
hy lic metamaterials — one of the most unusual classes of electromagnetic metamaterials. They displ: i
indefinite) dispersion, which originates from one of the melnal :nmnolnnts of their electric or mm!l( l"«llv- tensor
having ite sign to the i
erties, including strong f ission, dit ing density of states, negative refraction and enhanced
P—— superlensing effects.
e it e S i

Progress In Electromagnetics Research, PIER 28, 43-95, 2000

i i aanetic
fiisotropy - Colioqu . f TABLES OF THE SECOND RANK CONSTITUTIVE
- i Mikhail ine
Bianisotrapy s o 5 i UG08 TENSORS FOR LINEAR HOMOGENEOUS MEDIA
e o e ot T
A _ DESCRIBED BY THE POINT MAGNETIC GROUPS
llya V. Shadrivov and Yur S. Kivshar
e T T e ke endbas OF SYMMETRY

Australian National University, Canberra, ACT 0200, Australia

(published 12 September 2014)

V. Dmitriev

University Federal of Para

P.O. Box 8619, AGENCIA UFPA, CEP 66075-900
Belem-PA. Brazil

TR67.R, 4265,k

21
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Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Constitutive Relations — General Linear Media (Parameters Independent of Field Strength)

LINEAR, BIANISOTROPIC, SPATIALLY VARYING, SPATIALLY DISPERSIVE, TEMPORALLY VARYING, TEMPORALLY DISPERSIVE

Spatially Temporally Dispersive

; . (upper limit “t” for causality)
Disperve GEE / [AJ=[C/s]
[¢/m?] \ o lF/m)/(mPs)] [V/m]  [s] [m?] ¢/ lls/m)/(m3s)]  [A/m] [s] [m?]
D@, 1) = j j EG, 7 1,6 EG,)dt'dV' + j j P L) HGE )dtdy!
V —0 —0 Blanlsotroplc (&,i1,E,8)
[(Wb/m?] t Us/m/(ms)]  [V/m] [s] [m?] . [H/(m%)] [A/m] [s] [m?]
B(#,1) = j j CG T ,t'i-E(F’,t’)dt’dV# j j G 7 ) - H (G )dedV!

[Wb]=[Vs] V —o0 V —o0

Spatially Inhomogeneous/
Spatially Varying

[H]=[Wb/A] ‘Temporally Inhomogeneous/
Linear since not a function Time Varying

of the fields
EF T 1,00, JF F 1,0, E (FLF ), 8 (F L F 1, 0)
‘(Dyadic Green's Functions!)
TRANSFORM DOMAIN ANALYSIS NOT TOO HELPFUL FOR THIS GENERAL CASE

Note: Spatial integration is carried over the region in which |¥ —7 |<c(t—t").

Constitutive Parameters

22

Constitutive Relations — General Linear Media (Examples)

LINEAR, BIANISOTROPIC, SPATIALLY INVARIANT, SPATIALLY DISPERSIVE, TEMPORALLY INVARIANT, TEMPORALLY DISPERSIVE

t t
D0 = [ 8 =7, 1=t)-E@F,¢)dtav'+ | [ EG =7, i=t)-HF ¢ )dedV'
7 time domain
. Lo . t B relations
BG.0)=[ [ CGE=F.i=t)-EF,O)dldv'+ [ [ ji(F =7, 1=t)-H{F t)dt'dV"
V —o0

Dk, ) = &(k,0)- E(k, 0)+& (k, 0)- H(k, ) N
Lo . Lo . . ..transform domain relations
B(k,w)=C(k,w)-E(k,w)+ ji(k,0)-H(k,®)

TRANSFORM DOMAIN ANALYSIS MOST AMENABLE FOR THIS SPECIAL CASE

23
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Constitutive Relations — General Linear Media (Examples)

LINEAR, BIANISOTROPIC, SPATIALLY INVARIANT, SPATIALLY LOCAL, TEMPORALLY INVARIANT, TEMPORALLY LOCAL
D(#,1) = j j E5(F —7)S(1—1)- E(F,t")di'dV' + j j ES(F =)o —1")-HF, t)di'dV'
V —o0 V —o
t t =
B(,1) = j j CSGF—7)S(t =ty E(F,¢)dt'dV' + j j J8(F =St —t')- H(F ¢)dt'dV’
V —o0

V —0

D(F,))=&-E(F,))+&-H(F,1)  time domain relations

é
B(F,1) = E-E(F,/)-;-[l.]f](f,/)m(not physically realistic)

D(F,w)=E-E(F,0)+ & -H(F, o)

~ o R ...transform domain relations
B(r,w)=¢-E(r,w)+ i-H(F,w)

24

Constitutive Relations — SIMPLE Media

LINEAR, ISOTROPIC, SPATIALLY INVARIANT, SPATIALLY LOCAL, TEMPORALLY INVARIANT, TEMPORALLY DISPERSIVE

t

t
D, 0= | [ at=tY3GF=F)-EGF,ydidv'  DF,0)= [ e(=O-EGOd time domain

V —0 —00 .
) = ) relations
B0 = [ [ =G =) -HF \dldv' B0 = | p—)I-H(F¢)de' (SIMPLE media)
V -0 100 o
7{0 1 0
0 0 1

D(7,0) = ()] -E(F,0) = e(0)E(F,) transform domain relations
B(F, ) = u()] -H(F,0) = i(0)H(F,0)  (SIMPLE media)

25
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Constitutive Relations — SIMPLE Media (Taylor Series Example)

&y

t t

/= N = ) I 1 = 1 6"E(}7,f) NI 7,0 a E(V [) 1

DF,N = | et="EFE,Ydl' = | e(r=1)Y ———22(=1)di' =y ——22 (r Yt =ty di’
0 n = 27— 37—

= B =32 EG.0) _ By s EED 0 E(zr,r)+83 5 E(§,1)+
s or" o ot o

D(F,0) = £, E(F, )+ £, jwEF,0) = 60" E(F, ) — &3 jo E(F, ) +---

=[(5g — 0" +--)+ j (50— &30 +--)|E(F, )

even function of odd function of

=g, ,(0)+ je, (NE(F,0)...a common result*
* R. Harrington, Time-Harmonic Electromagnetic Fields, IEEE Press 2001 (pg. 6,18).

For a discussion supporting the integral form of the constitutive relations, see A. Lakhtakia and W. Weiglhofer, “Are Field
Derivatives Needed in Linear Constitutive Relations”, International Journal of Infrared and Millimeter Waves, Vol. 19, No. 8,

1998.
26

Constitutive Relations — Nonlinear Media (Example)

NONLINEAR, ANISOTROPIC, SPATIALLY VARYING, SPATIALLY NONLOCAL, TEMPORALLY VARYING, TEMPORALLY NONLOCAL
LINEAR TERM

D, (7,t)= j j & (PP LtV Eg(F, 8 )dt'dV
V't'=—00
t t
+ j j j j Eop, (FF P 0 W E g (F 1) E, (7', Yt dV'd"dV" + -

VH 1112700 V/ [/:700

NONLINEAR TERMS*

LINEAR TERM

or D(F,t)= j j P ) - EGF ¢)dtdv'

V't'=—0
+| f ] f P ) E(F ) E(F L )dtdVdtdy + -
V' "=—0o V' {'=—

NONLINEAR TERMS*

*Y. II'inskii and L. Keldysh, Electromagnetic Response of Material Media, Plenum, 1994. 57
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Constitutive Relations — Outside the SIMPLE Media Box

Lots of research going on outside the SIMPLE media box!

SIMPLE MEDIA
Linear, Isotropic, Spatially Homogeneous
Spatially Local, Time Invariant, Temporally Dispersive

28

Constitutive Relations — Media Considered In This Course

LINEAR, BIANISOTROPIC, SPATIALLY INVARIANT, SPATIALLY LOCAL, TEMPORALLY INVARIANT, TEMPORALLY DISPERSIVE

D(F,0)= | E(=t)-EGt)dl' + [ E(—t)- HE)dr'

—00

e time domain
relations

t t
B(#,1) = j C(t—1")-E(F,1")dt' + j [i(t—t"-H(F,t")dt'

D(¥,w)=E(w)-E(F,0)+ & (0)- H(F, ) | |
- = ~ ~ ...transform domain relations
B(r,w)=C(w)-E(r,w)+ ii(w)-H(r,w)

23
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Motivation — Complex Media Gives More Control Over EM Field

Complex Media

ANISOTROPIC (18)
P}:[f 6”’?} b £y Er oo My M
Bl L0 ALH E=len gy gyz] , ﬁ{ﬂyx Hyy #yz]
: — Eo 6y Ea R
i r &q T i r Co 1
=S S S |0 6|6 S S
(S S S ¢y G

VxH=J,+ joD
Symmetry plays a critical role — as we will see!

5,[1,5,5 = more control .

30

KEY Take-Aways

Constitutive relations are critical for a well-posed mathematical model.

Materials can be categorized according to how they respond temporally and
spatially under field excitation (field = electric, magnetic, temperature, etc.).

Linear, bianisotropic, spatially/temporally invariant, spatially/temporally
nonlocal media is most general class amenable to Fourier transformation.

Current research exploring new ways to control EM fields via complex media!

31
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Constitutive Relations — Homework

Determine the constitutive relations for a linear, bianisotropic, spatially
invariant, spatially local, temporally varying, temporally nonlocal media.

Determine the constitutive relations for a linear, bi-isotropic, spatially
invariant, spatially local, temporally invariant, temporally nonlocal media.

Determine the constitutive relations for a linear, anisotropic, spatially
invariant, spatially nonlocal, temporally varying, temporally nonlocal media.

Determine the constitutive relations for a linear, isotropic, spatially varying,
spatially nonlocal, temporally invariant, temporally nonlocal media.

- - -

B - 5 o= 1|\P-L-O'm L-O!
Show the relationship between Cry and Cgp is Cpy =— - -

c| —p.a1 o

32

Overview — Lectures/Big Picture

LECTURE #1

LECTURE #8

MACROSCOPIC
EMTS 2019 MAXWELL
Field and Potential Based EQUATIONS
Methods in Anisotropic CONSTITUTIVE J
and Bianisotropic RELATIONS

Electromagnetics

LECTURE #4,5 ©
FIELD & POTENTIAL
J SOLUTIONS/EXAMPLES
LECTURE #1:

Review various forms and regimes of validity of Maxwell’s equations and constitutive relations.
LECTURE #2:  Discuss factors that influence anisotropy and bianisotropy.
LECTURE #3:  Discuss field and potential based methods for solving electromagnetic problems.
LECTURE #4,5: Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

LECTURE #8:  Summary, conclusions and future research. 3







Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

2019 International Symposium on M T
Electromagnetic Theory ,,—FIT.

LECTURE #2

Factors that Influence Material Tensor Form

Dr. Michael J. Havrilla
Professor
Air Force Institute of Technology
WPAFB, Ohio 45433

Factors that Influence Material Tensor Form — Overview

Relative motion.
Weak spatial nonlocality.

Symmetry — an inherent property of naturally occurring media or symmetry
that is infused into artificially designed materials.

35

27




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Factors that Influence Material Tensor Form — Relative Motion

— —

c P LI||E - | E constitutive relations

i H M O cB cB|  ("rest" frame)

D' [N E'| = | E constitutive relations in relative
H' ° | B cB' | moving frame (Lorentz covariant).

| P

- a p = BE s = e = _1

6=V , d 1=1+(%‘U%,ﬂ=ﬂ><1 B=vle,y=(1-p)"
a

pas - o -

C'=Ly-C-Ly or C=L,'-C"-Ly ..Note:C'=C...if v =0.

Jin Au Kong, “Electromagnetic Wave Theory, Second Edition,” John Wiley, Chapter 7, pp. 585-651, 1990. 36

Factors that Influence Material Tensor Form — Relative Motion Example

D' =¢'E' eD'| |cgl 0 |\ E'| .| E | mediaisotropic
Assume L= .= - Ll s 1O S e '
B'=u'H' H' 0 —=1|lcB c¢B' | in moving frame

C= Zgl .C '-Z6 = ? (what material properties does "rest" frame observer see?)

o 72 _(ng'y'—ﬂz)i—(czg’,u'—l)ﬁ,g’ (e’ 1) j3 bianisotropic
cu i (e’ -1 (A= BHI +(c*e'u' 1) BB " in rest frame!
Is this physically
reasonable?
2 407 &
- 1 |cceul O o
C=—0o| "0 T v =0.
7

Jin Au Kong, “Electromagnetic Wave Theory, Second Edition,” John Wiley, Chapter 7, pp. 585-651, 1990. 37
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Factors that Influence Material Tensor Form — Weak Spatial Dispersion (Example)

LINEAR, ISOTROPIC, SPATIALLY INVARIANT, SPATIALLY DISPERSIVE, TEMPORALLY INVARIANT, TEMPORALLY DISPERSIVE, NONMAGNETIC

t - . |
D(F,[):j J 5(77—77',1—t')E(F',t')dt'dV' ) D(I’,(U):Ig(r—l”,a))E(r,a))dV i
r,l 14 N0)
ree = _
5 7 7 B(F,r)  domain e o = BE0) domain
B(r,t)= puyH(7,1) or H(FJ):M H@F,0)=—"-=
Ho Ho
_ _  OB(F,0)
PERD=TT Vx E(F,0) = - joB(F, o)

. = . - ~
- - P VxH((F,w)=J,(F,w)+ joD(7,
Y T /o ) (F,) = J(F,0)+ joD(F,0)

A. De Baas, S. Tretyakov, et al., “Nanostructured Metamaterials,” European Commission, 2010. 38

Factors that Influence Material Tensor Form — Weak Spatial Dispersion (Example)

~ o, = , = s - - (using Taylor
D(r,a)):.[g(r—r,a))-E(r,a))dV =eE+aVXE+[VV-E+NxVXE+--
4

expansion)
D(F,0) = ¢E +aV x E ...if spatial dispersion is weak.
wansformation
Note: g’: zl);;v.xg > VxH=J,+joD = VxH —j&vs<0 =J,+ joD' - jo¥<0
= jo

_ SCjeB)
_ja)B —
- o - AR Ao ”: o r r_ %5 bi—isotropic
Let 0=-2F = D =D+VxQ=gE+anE+Vx(—EE)=gE—]a)EB
2 spatially local!

LINEAR, BI-ISOTROPIC, SPATIALLY INVARIANT, SPATIALLY LOCAL, TEMPORALLY INVARIANT, TEMPORALLY DISPERSIVE, NONMAGNETIC

39
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Factors that Influence Material Tensor Form — Symmetry

NO SPIN (PAIRED SPIN) SPIN (UNPAIRED SPIN)
TYPE DIPOLE ALIGNMENT |EXAMPLES TYPE SPIN ALIGNMENT |EXAMPLES
F—0p-o E#0,P=0 =0 8i=0 H#=0.M =0
= . Teflon, rexolite, A A D
dielectric ¢ e5=0 ?’ ‘T’ most materials dimagnetic ® ®;=0 \;i 27?
[ N ] e a [ N ]
E=0.P=0 E#0,P#0 H=0,M=0 H #0,M # 0| Copper, silver,
) B L) . . Id, water,
diaelectric ®e5=0 vy m diamagnetic ® 0/;=0 Ké\‘é\ gj(')ust ;baozi;
o0 290 o0 ‘?Kf everything
E=0,P=0 E=#0,P#0 H=0,M=0 H #0,M #0 o .
D P . \ 1 xygen,sodium
paraelectric f" i £#0 ‘f ‘f 5i0z, 45,05 paramagnetic z%‘ﬁy i i )%alcium
) by ee
P"¢0’P¢0 . u]wff%}\g#u) A
. . [ I Barium titanate, - Iron,cobalt,
ferroelectric IR R PR PP Rochelle salt ferromagnetic i 4 tjnjé 8. &, }Osif;()e[a
eeeccececece 0.8, 9. e
P#0, P=0 M, #0, M =0
> . RSN PbZr0;, > . Chromium,
antiferroelectric ‘{ T ‘{ T ‘?' f ‘f T Cosium miobare | |antiferromagnetic i;igi{fig Febn NiO
eceoenee
P#0, P%0 M,;#0, M %0
ferrielectric PO i Sl G DyMn;,Os ferrimagnetic @'@\‘/‘@@@\;’@ Magnetite,
/:é ;;:é;; 4/' é, é, é, iron garnet
2808084
/ /
Electric Dipole Magnetic Dipole 20

Symmetries of Matter

NO SPIN (PAIRED SPIN) SPIN (UNPAIRED SPIN)
TYPE DIPOLE ALIGNMENT |EXAMPLES TYPE SPIN ALIGNMENT |EXAMPLES
F_np-n E#0P#0 fi—o ii—0 H#0,M #0

”

e SPACE —TIME SYMMETRY |
EXHIBITED IN MEDIA!

thing

Spatial symmetry describes geometrical aspects. o
Temporal symmetry describes spin/ no—spin aspects.

paraelect

‘obalt,

THESE SYMMETRIES INFLUENCE ~
antiferroele. MA TER[AL TENSOR PROPERT[ES' m]@zmo

ferroelec:

[2¢Ov[<’¢() 1’\/[ ¢0 M¢0 )
ferrielectric gege¢°es° DyMn;,0s ferrimagnetic @@&"?;@\;’@ M a‘g"etf‘te,’
[ I A iron garnet
cececece e o0d080
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Symmetry and Effect on Constitutive Relations

D(x,y.z,0)=E(@)-E(x,v,z,0)+ &(0)- H(x, v, 2,0)
B(x,v,z,0) = (@) E(x, y, z,0) + ji(®)- H(x, ,2,0)
change 1 coord. change 2 coord. change 3 coord.
X, v,z = Spatial Symmetries ( Reflection / Rotation /| Inversion )

maintained by charge/
atoms with no spin

/—/% /

- reflection

D,E = Polar Vectors (handedness DOES NOT change on /! )

inversion
maintained by current/
atoms with spin

— R reflection

B,H = Axial Vectors (handedness DOES change on .ﬂ )
inversion

£, ji = Polar Tensors &, = Axial Tensors

t = Temporal Symmetry (reversal —manifested in @ frequency domain)

Exactly how do symmetry operations influence form of &, [1,5 ,g; ?
Need to understand transform matrices and these above concepts!

42

Symmetry — Spatial Transformation Matrix

=4
A =54 =5-(dy+ 34, +24)
z z -
i‘é
,Zl};:fz-;lzfz-()%Ax+jsz+2Az) =
y ~ 2% 2 A A A
A:=Z2- A=Z-(XA, + YA, +24,)
Y
T A A N = f -
xil—xAx+yAy+zAZ :4 —~ - — A
. A= XAy + yd; + 24, A T A | L
L S|=lyx ypy pz||A,|or A=T-A
* A-B=ABcosO -’ ): )jy)j .
A Z:X z:y zZ-z|| A,

_ generic point group transformation
A=T-4 .. el = T =
(easy to show that A=T -A=T -A)

43
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Symmetry — Spatial Transform Examples (see Appendix for more examples)

Z,Z

’ p X %P XE| 2100
o om =Twm=|y-% 3§ y-2|= .(rhs = Ihs)
> 5% 2.5 22| [0 01
. i ]
V< 2k 5 52| To 1
4. =Ta=|3-% 3.9 7-2|=| -1 0 0| ...(rhs — rhs)
y P x i 29 22| O |
5% ):cjz %5 -1 0 0
5% 39 2=l 0 =1 0 |==I ..(rhs — lhs)
. 5.); .3 0 0 -1

Note: Rotations are in

a positive (right —hand rule) sense

44

Symmetry — Constitutive Relations

D(x,y,z,0)=E(w)-E(x, v, z,0)+ E(@)- H(x, v, 2, )
B(x,v.z,0)=C(@)-E(x, v.z,0)+ ji(@)- H(x, v, 2z, )

change 1 coord. change 3 coord.

/x, v,z = Spatial Symmetries ( Reflection / Rotation /| Inversion )

change 2 coord.

maintained by charge/
atoms with no spin

- - f—/%
D,E = Polar Vectors (handedness DOES NOT change on

maintained by current/
atoms with spin

reflection
inversion

)

reflection

f_—/\—ﬁ
Axial Vectors . )
inversion

B,H = (handedness DOES change on

g, i1 = Polar Tensors r,? ,f = Axial Tensors

t = Temporal Symmetry (reversal —manifested in @ frequency domain)

Exactly how do symmetry operations influence form of &, ,[t,(f ,cf ?
Need to understand transform matrices and these above concepts!

45
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Symmetry — Polar vs. Axial Vectors

POLAR VECTORS (Non—handed, e.g., E, D)

AXIAL VECTORS (Handed, e.g., H,B)

++ ++

mirror plane
(vector || to mirror)

2— fold rotation axis
(vector || to axis)

++ -
inversion through origin
(vector || to axis)

+ e - >t

mirror plane
(vector L to mirror)

2
¢<—|—»¢

2— fold rotation axis
(vector 1 to axis)

fe—-= l C—

inversion through origin
(vector L to axis)

rhs

mirror plane
(vector || to mirror)

rhs rhs

mirror plane
(vector L to mirror)

“negative of polar vector /‘e.\'u/tj‘

“negative of polar vector /‘esu/t”

e

2— fold rotation axis
(vector || to axis)

[same as polar vector resuli]

T rhs
rhs °

inversion through origin
(vector || to axis)

rhs rhs

2— fold rotation axis
(vector L to axis)
[same as polar vector result

rhs T rhs

2kl

inversion through origin
(vector L to axis)

‘[rwgmive of polar vector r'«.s‘u/l]‘

‘[negmive of polar vector r'«.s‘u/l]‘

1

46

Symmetry — Polar vs. Axial Vectors

TRANSFORMATION CONCLUSION
E: =

’.\]:
o

=T-D ... for polar vectors

>

Izl Su

B=|T|

’.ﬂx
o1

=] f|f1:1 ... for axial vectors

—1 ...mirror or inversion
+1 ...rotation

P Spatial point transformation matrix 7 =

(mirror, rotation,inversion)
E,D,H,B = Fields in original coordinate system

Ii" ,5,1‘21 ,B:’ = Fields in transformed coordinate system

47
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Symmetry — Polar vs. Axial Tensors

D(F,0)=E(w)-E(F,0)+&(w)-H(F,0) 7 T-D=T--E+T-E-H o
B(F, ) = (@) E(F,0)+ ji(®)- H (7, o) T-B=T-C-E+T-ji-H
5 i : i
— T LT L L e =
T-D=T-&TVT-E+|T\T-E.T"|T|\T-H -
\T|\T-B=|T|\T-&- TV T-E+T-a-T|T|T-H

= f-[i-f_] ...Polar Tensors . ) )
...spatial transformation properties

=| 7"“|7~"-é;~7:71 ... Axial Tensors

48

Symmetry — Constitutive Relations

D(x,y,z,0)=E(w)-E(x, v, z,0)+ E(@)- H(x, v, 2, )
B(x,v.z,0)=C(@)-E(x, v.z,0)+ ji(@)- H(x, v, 2z, )

change 1 coord. change 2 coord. change 3 coord.
X, v,z = Spatial Symmetries ( Reflection / Rotation /| Inversion )

maintained by charge/

/ atoms with no spin

AN - f—/% -

D,E = Polar Vectors (handedness DOES NOT change on ’Teﬂ ectfon)
inversion

maintained by current/

atoms with spin
f_—/\—ﬁ ;
— reflection

71:1 = Axial Vectors ,(handedness DOES change on . )
/ inversion
£, jl = Polar Tensors¥ &,¢ = Axial Tensors

t = Temporal Symmetry (reversal —manifested in @ frequency domain)

Exactly how do symmetry operations influence form of &, ,[t,(f ,cf ?
Need to understand transform matrices and these above concepts!

49

34




Symmetry — Time Reversal Symmetry

Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

NO SPIN

(non-magnetic materials)

++ ++

e N

Pe(F,1)

pe(?ﬁ_t)

t Ri{t}=—t

pe(F’t):pe(F’_[)
NO CHANGE

SPIN

(magnetic materials)

Jo(F,t)

J,(F,—t)

e

Nas >

t R{t} =—t

je(Fﬂt) :_je(Fn_t)

REVERSAL

R{t} (and often ") represents time reversal

KEY POINT
Time reversal useful for describing magnetic materials
(e.g., ferromagnetic, antiferromagnetic, etc.)

50

Symmetry — Space/Time Symmetry

POLAR VECTORS (with time inversion)

++ ++

mirror plane
(vector || to mirror)

2!

2— fold rotation axis
(vector || to axis)

- ++

++ -

inversion through origin

(vector || to axis)

mirror plane
(vector L to mirror)

2!
¢<—|—>¢

2— fold rotation axis
(vector L to axis)

inversion through origin
(vector L to axis)

NO CHANGE (Non —magnetic media)

AXIAL VECTORS (with time inversion)

rhs rhs

mirror' plane
(vector || to mirror)

2/
rhs

2'— fold rotation axis
(vector || to axis)

rhs rhs

Ao

mirror’ plane
(vector L to mirror)

2!

rhs rhs

2'— fold rotation axis
(vector L to axis)

2'E 4R

inversion' through origin

(vector || to axis)

inversion' through origin
(vector L to axis)

REVERSAL (Magnetic media)

35
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Symmetry — Transform Domain

- - BB(#,0)
VxE(F 1) ==/, (7.0 = Vx E(F,0) =—J,(F,0)— joB(F,) Relations for time invariance
IxBCD=]. ¢ t)+6D(r ) FT Vx HF,0) = J,F,0)+ joDF, o) of Maxwell's equations
e V-D(F,0) = p,(7,0) - —
V-D(F,1) = pe(F,0) VB 0) = p, (7, 0) g(r_’“’) et g((;‘;’)))
VB0 = pyFu0) Goy - .0
- ; OB(F,~1) §" (Jw) P (F,0)
Sy P > R R B r,o * oo
VXE(. ) =~y (=5 2 VxE"(F,0) = =T} (F,0) + joB' (7,0) F[?‘ ) Jé(r(fw;)
AR5 FT. %2 N T LR N0 - >
V(1) = J 7y SO VLG 0) 2 e o) JeD o) Br.w) ™ B0
R o(-t) V-D (V,w)ng(”ww) ph(;—‘ C()) g _ *(F (0)
V-D(F,~t) = p,(F,~t) V-B*(F,0) = p, (F,0) e P’
- h J (7, o) J
V-B(F,~t) = p, (F,—1) el -J (7, @)
BRI s e *OnsagerT T = =T « conj. [):(ET-E—Q:TJ-?
D D= E+&HY = @G E-ST-A YL B H
B B =By =~(ETEvi ) B Erpel
; ; ; £ i -
2 — ) H—— = =1 e = s=7.2T.77" [,:T.[,T.T—l
B R B B L s b <
R T - RS 0 LY N T V- S el L LS SR Sl L LIS S
Y  ; T ...spatial —temporal transform properties
B g H I

7 S. Tretyakov, A. Sihvola, and B. Jancewicz, "Onsager - Casimir Principle and the Constitutive Relations of Bi - Anisotropic Media",
Journal of Electromagnetic Waves and Applications, vol. 16, no. 4, pp. 573-587, 2002.
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Symmetry — Constitutive Relations

D(x, v, z,0) = E()-E(x. y,z,0)+ & (w)- H(x, v, 2, )
B(x.y.z,0) = (@) E(x.y,2,0) + i{w)- H(x,,2,0)

change 1 coord. change 2 coord. change 3 coord.

X, v,z = Spatial Symmetries ( Reflection / Rotation /| Inversion )

maintained by charge/

/ atoms with no spin
= - - reflection
D,E = Polar Vectors (handedness DOES NOT change on ', /! . )
inversion
maintained by current/

/ atoms with spin
- - — N .
71—1 = Axial Vectors/(handedness DOES change on reflection

E,C = Axial Tensors

inversion

/ it = Polar Tensors
t = Temporal Symmetry (reversal —manifested in @ frequency domain)

’ﬂ

Exactly how do symmetry operations influence form of &, ,[t,(f ,ét ?
Need to understand transform matrices and these above concepts!

53

36




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Symmetry — Types

Discrete Grid (Crystalline) Continuous | Random Grid

(Amorphous | Polycrystalline)
BT T emaA

cubic hexagonal  tetragonal  trigonal orthorhombic — monoclinic triclinic .
Spatial Symmetry Spatial—-Temporal Symmetry
Spatial Symmetry Spatial—-Temporal Symmetry Spin No Spin Spin
Magnetic Nonmagnetic  Magnetic
Spin No Spin Spin i
Magnetic Nonmagnetic ~ Magnetic " oo
¢e. QoY
- Ferro- 0} %ggy
e magnetic ¢/
L] i magnetized poly — Cyanobiphenyls  Magnetic Field
aFe,05 (2/m) NaCl (m3ml')  aFe (4/mm'm’ crystalline Fe, (oo / m) (o0 / mml") (00 / mm")
Type II (qty =32) Type I (qty =32)||Type 111 (qty =58) Type Il (qty=T) Type I (qty =T)||Type 1II (qty ="T)
P (P+P) H+(P-H)Y P (P+P) H+(P-HY

122 Discrete + 21 Continuous Point Symmetry Groups — &, ﬁ,gg ,5
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Symmetry — Point Groups

DISCRETE POINT GROUPS CONTINUOUS POINT GROUPS
Nomm/gnet/c Magnetic Nonmagnetic Magnetic
—
Crystal Family Type 1 Typell Type 11 Typel Type I TypeIll
(# of classes)  p.p P P(H)=H+(P-HY P+P' P(H)=H+(P~HY
Triclinic (5) iy 1 . ol “ ;
11 1 1 oo /ml o /m o /m
Monoclinic (11) pat P 2 o2l 2 2
Unl 2 2w el 2 amlwm oot
Orthorhombic (12)  mm21' mm?2 mm'2 2'm'm oo/ mml' o/mm  oo/mm' o/m'm oo/ m'm'
mmml’ mmm mm'm’_m'm'm’_mmm’ coool’ .
41 4 &4 3 |
1" 4 4 acoom]’ o cooom’
Tet 131) 4/ml' 4/m 4/m  Alm' Am . e e
etragonal ! ' 2’ = :
g i‘, 723”]1 435%1 44'%%1 f’% W + + = |21 continuous groups
2ml' 42m 42m m2 - — - - - —
4/mmml 4/ mmm 4/mmm 4/mm m' 4/771 m m' 4/m'mm_4'/m'm'm SPATIAL SYMMETRIES : Mirror, Rotation, Inversion through origin
3} % 3 TEMPORAL SYMMETRIES : Time Inversion (denoted by prime)
Trigonal (16) 37)21’ %2 33?'
3ml’ 3m 3m' _ _ :
3ml’ 3m 3m'_ 3m' 3m m
6l % %, A.Authier, International Tables for Crystallography -Volume D
I 161 6/ml’ 6/m 6/m  6/m  6/m Physical Properties of Crystals, John Wiley, 2010.
exagonal 6221' 622 622" 622
%’)Z’gll, %’/’;’Z 2{%’: 2’7}7"5 Sy, V.Dmitriev, "Tables of the second rank constitutive tensors for
6/21.‘»;{"1' 6/ r;l;nm 6'[m'mm’ 6/ mm'm' 6/ m'm'nt 6/ m'mm 6/ mmm’ linear homogeneous media described by the point magnetic groups
. m3l m3 n3 of symmetry," PIER 28, 43—95, 2000.
Cubic (16) 4321 432 432
;g’:,l]' ;%’Z ,'/;%”Z, W3 mm A.Shubnikov and N. Belov, Colored Symmetry, Pergamon Press, 1964.
+ + = [122 discrete groups Marc De Graef, 'Tcua/ulng U’uta//’()wap/m and magnetic point group
symmetry using three- rendered visualization.
at http://www.iucr.org/education/pamphlets/23
Notel: P' =Time~reversed point group symmetry elements Note?2: P = Point group symmetry elements Note3: H = Halving point subgroup of P
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Symmetry — Neumann’s Principle

Symmetry group invariant under T = material tensor invariant under T

e=T-&.T'=¢,0=T-3-T'=0 o
ETITE T =8 ETIT 0 =2
- . - 5 5 - - = Neumann's
- "T.guzf.]:’Tu.e_lf-Tﬂ || ... Principle
r-&4r|&-1,7-¢T|¢-T (spatial)
e=T-dT.T'=¢, p=T-a" - T'=j o
E=-IT|T-{TT7 =8, {=—TIT-&" T =C
P Y = Neumann's
- T.g;é;T ]:’7: = ATHT . Principle
r-e=-ri¢’ -r,7.¢=-[Tjg T (spatial — temporal)
56
Symmetry — Curie’s Principle
EEEERBEERE
G, H
G;
G =G (N G, (N Gy NG, () Gy ...Curie's Principle
N .
' N n =| mm .
Particle  Particle Arrangement  Structure iaxi
(Orthorhombic) (Orthorhombic)g (Cubic) Biaxial Structure
57
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Symmetry — Neumann’s Principle Example

T-§=&-T ..(Neumann's Principle for group 4=4.) =

O 1 O E)CX gxy g)CZ gxx Xy pv4 0 1 0
s = |71 0 Ofle, &, &.|=|6x &, &.]-1 00
0 01 Exx gzy &2z Exx zy &2z 001
¢ X gy y ¢ yz —&x cy Cxx bxz Exx Ex y 0
= |t TEy E |T|Ey &y & | L E=|7Eg & 0 | .. from 91031l
gZX gZy €ZZ _gZy gzx EZZ 0 0 gZZ

...similar analysis for [t,g?,f

HOMEWORK : Find tensor form of &,j1,E, for symmetry
group mmm]' (mx,my,mz,l')

*Victor Dmitriev, “Tables of the Second Rank Constitutive Tensors For Linear Homogeneous Media Described by
the Point Magnetic Groups of Symmetry,” Progress in Electromagnetic Research, vol. 28, pp. 43-95, 2000.

58

Symmetry — Tensor Influences Meas./Appl.

Application: Magnitude/Phase Control Application: Polarization Control

2
AN

Co-pol Cross-pol

-V

59
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Motivation — Fabrication Capabilities (Infuse Symmetry Into Material Design)!

Technology Circa 2018!

Additive Technologies* Dr. Keith Whites, Applied Research Associates.

nScrypt PixDro Inkjet
Subtractive Technologies

Milling Machine Chemical Etching Photo Etching Wire EDM

g g e M

EEER B it o

(g g

%%gg a90009 WAUCN Onels
il ks K fsikis) L .

Booo [@osaaa bianisotropic?

i sl il JdJ339a3

60

Symmetry — Key Take-Aways!

KEY Take-Aways

Symmetry greatly influences material tensor structure

and reduces the number of required measurements!!

Tensor structure tells us what co & cross

polarization measurements are required !

Symmetry can be infused into materials to control

«||material tensor structure for desired applications!!!||

.ultimately a key point!!!

40
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Factors that Influence Material Tensor Form — Homework

Determine the symmetry group for each object below.

e I o I g
£3c3caicy 0030333 :I
cococo0co J303333
%%%% Jd03333

Jd03333 l |
e s i
Pomn 1 mwn B ] J0303330 1
Cicaicaca J303303033 -

l)’
z z

E T E = uniform H

a2 ﬂ[ ©J0)
022 O
[ @Og [ [@88@
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Overview — Lectures/Big Picture

LECTURE #1

LECTURE #8

MACROSCOPIC
EMTS 2019 MAXWELL
Field and Potential Based EQUATIONS

Methods in Anisotropic
and Bianisotropic
Electromagnetics

LECTURE #4,5 ©
FIELD & POTENTIAL
J SOLUTIONS/EXAMPLES

LECTURE #1:JReview various forms and regimes of validity of Maxwell’s equations and constitutive relations.
LECTURE #2:
LECTURE #3:  Discuss field and potential based methods for solving electromagnetic problems.

Discuss factors that influence anisotropy and bianisotropy.

LECTURE #4,5: Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

LECTURE #8:  Summary, conclusions and future research. 6
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Appendix — Symmetry Point Groups

DISCRETE POINT GROUPS

Nomnagnelic Magnetic Nonmagnetic Magnetic
—
Crystal Family Type I Typell Type Il Typel Type i Typelll
(# of classes)  p.p P P(H)=H+(P-HY P+P' P(H)=H+(P~HY
Triclinic (5) iy 1 . ol * ;
11 1 1 oo /ml o /m o /m
Monoclinic (11) 21 2 2z w2l 2 w2
2 m] 2/m 2'/m'_2/m"_2'/m coml’ om oon’
27 7772 ) o .
Orthorhombic (12) mnﬂl mm2 m'm?2 2'm'm o/ mml oo/mm  o/mm' o/m'm o/ m'n
mmml’ mmm mm'm’_m'm'm’_mmm’ ool o
41 4 &4 | )
41 4 g oooom]’ oooom oooom’
Tet 131) 4/ml' 4/m 4/m  Alm" Am "
etragonal 4221 422 422" 4272 =
Amml’ dmm Py mm dm'n’ + + 21 continuous groups
2ml' 42m A2m' | Am2 | A2m) -
4/mmm] 4/mmm 4 /mmm 4/7!1171 m 4/771 m'm' 4/ m'mm_4'/m'm'm SPATIAL SYMMETRIES : Mirror, Rotation, Inversion through origin
%{ % 7 TEMPORAL SYMMETRIES : Time Inversion (denoted by prime)
Trigonal (16) 3 k2] 3
3ml’ 3m 3m' _ .
3ml 3m 3m'__ 3m' 3m m
ml" % %: A.Authier, International Tables for Crystallography-Volume D
6/ml’ 6/m 6/m'  6im' 6/m Physical Properties of Crystals, John Wiley, 2010.
Hexagonal (31) 6221 622 622" 622
%%111' %’/’;’; 6,{’;{')’: 2”;”5 Sy, V.Dmitriev, "Tables of the second rank constitutive tensors for
()/gz.ﬁ{nl 6/r;r3nm 6'/mm’ 6/ mm'm 6/ m'm'm’ 6/ m'mm_6'/ mmm’ linear homogeneous media described by the point magnetic groups
. m3l m3 m3 of symmetry," PIER 28, 43-95, 2000.
Cubic (16) 431 432 432
4%'"]1, 43m ,'/:1%’;’:, W3l o Em A.Shubnikov and N. Belov, Colored Symmetry, Pergamon Press, 1964.
+ + = (122 discret Marc De Graef, "Teaching u’utu/l()w aphic and 711(1g11m¢ p()mt group
. lscrete groups symmetry using three- di I rendered visualiz
at http://www.iucr.org/education/pamphlets/23
Notel: P'=Time —reversed point group symmetry elements Note2: P = Point group symmetry elements Note3: H = Halving point subgroup of P

CONTINUOUS POINT GROUPS
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Appendix — Triclinic/Monoclinic Groups

Point Group Symbol

1UC Hermann—Mauguin

Family short
Triclinic !
Triclinic
Triclinic
Triclinic
Triclinic
Monoclinic
Monoclinic
Monoclinic
Monoclinic ml’
Monoclinic m
Monoclinic m

O e R kel

Monoclinic 2/ml'
Monoclinic 2/m
Monoclinic 2'/m'
Monoclinic 2/m'
Monoclinic 2'/m
Monoclinic 21
Monoclinic 2
Monoclinic 2'
Monoclinic ml'
Monoclinic m
Monoclinic
Monoclinic 2/ml"
Monoclinic 2/m
Monoclinic 2/m
Monoclinic 2'/m'
Monoclinic 2/m'
Monoclinic 2'/m

Sull d Sch i Shubnikoy—Generat, 'y Elements
Iy 8y Cir 1 L1 {13, {1}
Lo G ! r W

s s Cip =5z 21 L1 {13,400, 1%

T T =S, 2 1 (1,1}

T T C(C)) 2’ T (1}

211 2,1 Cog 21 2,1 1,2, 4,412}
121 2, G, 2 2, 1,2,
1212 ae) Y 2 03,12,

Iml1" my1 Cip=Cyp ml' m,,1' {Lom 3, {1 m
Iml m, C =Gy m m, {Lm,}

Im'l m C(C)) m' m, ’]},{/11'

12117 2, /m1 Cyp 2:ml' WU LT, m
121 2,/m Gy, 2:m <1 i,ZUm‘}

[number]
[2]nc, p,nm
(lne,p, f
[4]c,np,nm

[2]e,np, f
[2le.np,af EXTREMELY IMPORTANT!!!

]
]
1 -
[41ne, p,nm | Symmetry elements of a given group
[2]ne,p, [ |can be found via the group generators
(2]nc, p. /

[4% ne, p,nm Generators + Neumann+Curie

[2]ne,p. f =Tensor Form

[2]ne, p, f
m',} [8]¢c,np,nm
[4]c,np, [
e/ SPATIAL ~TEMPORAL

12 2./m Cy,(Cy) 2:m {L,2,} ’T’,m } [4]c,np.aj

[ ) h-2 Lty ! SYMMETRY ELEMENTS

121 2m, Cu€) 2im ED [4]c.np.af
21 2.0 Cix 21 } [4]

Hzo2, G 2 = R —SPATIAL SYMMETRY ELEMENTS
22 G(G) 2 .22} [2]

1ml" m.l' Cr=Cip ml' mg,1 o}, {U'ml} [4]

1im  m, Ci=Cj m m, {Lm_} 21
1m' ml CI(C) m' m. {1, {ml} [2]

121 2. /m 1" Cip 2:ml 2.,m, U (L1,2,,m ) {1, T,20 ml ) [8]( - Variations on IUC

2 z

171 w 2alm CZX” 2:m 2:5m; {1’1’ 2:,mz} (4 Notes: 1. The symbol ' denotes time reversal
S 20 m, (&7 2:m 2,,m, L1L2,,m} [4] 2. If a,b are elements of a group then:
1z 2l/m. 5n(C; 2m' 2L LT}, 20, m, 4 Loaxb=c

w2l Cal@) " = (1342223 4 i a/xb=c and axd =

Ho 2./m C(C3)  2:m 2.,m; 1,23, {1 m2} [4] iii.

N2 2m, CC) 2im 2m. Lm,} (1,20} [4]
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Family

Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic
Orthorhombic

Orthorhombic

Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Point Group Symbol

1UC/ Hermann—Mauguin

short  full annotated ~ Schoenflies  Shubnikov Generators Symmetry Elements [number]
2221 2221 2.2,2.1'" Dy 21 2,,2,,1 {1,2,,2,,2,3,{1'2,,2,,20} [81nc,np,nm
22 222 2.2, D, 2:2 2,.2, {1,2,,2,,2.} [4]nc.np.af
222 222 2022, Dy(CE)  2:2 2.2, (L2.1.42,.2)} [41nc.np. f
mm21" mm21"  mm, 21" Cyp 2-ml' m,2_,1' omy,my, 2.3 AU, my,m|,, 20} [8]nc, p,nm
mm2  mm?2 mYm),Z_. Gy, 2-m m.,2, 'l,m(,m 2.} [4]nc, p,af
mm'2 m'm'2 mm| 2. Cy,(C5) 2-m' m,,2. (1,2}, {m,,m} [4]nc, p, [
2m'm 2'm'm  2.mim. C3,(CI) 2'-m 20 ,m, {Lm,}, {2 ,m!} or m'm2' L}, iml, 20} [4]nc, p, [
mmml’ %é%l' mm,m, 1" Dyyr m-2:ml" mym,,m,,1 {l,z,m\,,m m.,2.,2,,2. 341, 1 mY,m m. 2\,23 20y [16]e,np,nm
mmm mom,m_ Dy, m-2:m mm,,m, A, 1,m,, m, m,,2.,2 y,Z } [8]c,np,af
mm'm’ mm’m’ Dy, (C5y)  m'-2:m m mi,m. {l,T,ZY,mY ,{2 2.,m‘ .m.} or m'm'm [8]c,np, [
m'm'm’ mm,m. Dy, (D,) m'-2:m' mlm,,m!, {1,2,,2,,2, },\l ml,m, m'} [8]c,np,af
mmm' s mem,m. Dy (Cy,) m-2:m'" m,m,,m. Lm,,m,,2_}, (1, 2\,2\ ,m.} or m'mm [8lc,np,af
VAR[AT[ONS ON lNTERNATlONAL UNION OF CRYTSTALLOGRAPHY
2mm  2mm 2,mym,  C, m-2 2,,m, {1,2,,my,m_} [4]

mmm]l’

What symmetry group does this material belong?
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Family

Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal

Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal
Tetragonal

Tetragonal

Appendix — Tetragonal Groups

Point Group Symbol

1UC/ Hermann—Mauguin

short Sull i Schoentflic hubnikov Generators Symmetry Elements

41 41 4r Car a1 BN (12,541 1.2, 24}

4 4 4, G, 4 4. i

EE e 4

ar ar ar Sux ar 1,2, 43,

1 7 s S, 3 44

¥ @ a S5y & 12034

am' AU 4wy Cam 4l 11,2, m, 54,42, 07,2,

4/m ﬁ 4_/m. Cyp 4:m {L,1,2,,m_,+4_,+4_}

4/m L 4. /m Cyy(C3)  4im 1.1.2.,m.} '+4’

4/m 4 4,/m, Cj:’ECJ;) 4:m'

m 2 /m; 1 (Cy

4'/m' %’ 4. /m! Cy(Sy)  4m'

401 421 4221 Dy 421 2

422 422 422, D, 4:2 !

420 4 422 Dy(Dy)  4:2 }

422 42 422, Dy(Cy) 412 (L2,.54,1.42,.2

Amml" 4mml' 4 mom 1 Cyr 4-ml’ {Lmy,my, m,, ms, 4 Al

4mm 4mm 4,mom,, 4y 4-m {Lmymy, m,,m }

Amm' Amm' A mm), Cy(Cy)  4'm {1,111Y,111\..2;},{n1;‘ mTl +4}

4m'm' 4m'm' 4 _mim, Cy, (Cy) 4-m' {1,244} Am,m), z“,m“,

2m’ 2m’ 42.ml Dsur 4oml' L2,.2,,2.,m

42m 2m Dy, 4-m ‘I,ZY,Z‘,Z. my, . my, 4}

a2m’ 42m' Dyy(Dy)  &-m' 1.2,,2,,2.},{m}, ,my,, +4.}

Am2' Am2 Am2, D3 (Cy) 4em omgom,,2.3,42,,2%, 241}

om 2w 42m, Dyy(Sy)  4m' ;1,2.¢4 :,(2;,2",,””,,”“}

Ammml” E2204_[mmmy, ' Dy m-4zml’ 1,0,2,,2,.2,.2,, 25 m e m,
7,202,202 20

4/mmm 4 Im,mom,, Dy, m-4:m 1,1,2,.2, 2.,2“ 2“,1714‘.771“,

&'l mmm' AL imomemy, Dyy(Dyy)  m-4'im {1,1$2w2‘.«,2:.m\,m\,m:}.{k'\‘

4/mm'm’ 4_/m.mmy,  Dy(Cy) m'-4:m (L1,2.,m.,+4,,+4_},{2,,2),

4/m'm'm' 4:/71I;I7lim’“ Dy (Dy)  m'-4:m' 4 ml,m! ,2,,2,,2.,2, 20 4y ATl ml ml, ml,

4/m'mm 4. /mimemy,  Dyy(Cy,)  m-dim' 4o mlm, {Lmg,m,,m,,mg,,2. 1T

4/m'm'm 2 A /mimm,, Dy (Dyg) m-4":m' 4 ml,m {1,2,,2,,2,,my, g, £4_ 3 4T,

VARIATIONS ON INTERNATIONAL UNION OF CRYTSTALLOGRAPHY

Am2 Am2  A.m2 D3,

x “xy

4.m

4 Sy {1, 2,“,2”,2 my m‘,_4}

43

N “,14 A,20,20,,20 ml, mle, AL

[number]

4]
4]
18]
4]
4]

ml,*4., 14'. [16]
B
8]

20,202,025, 440}

Xy “xy s

m, m m Jmi,, 20 4L}

Yooz

Jm m‘ M,

m, ,+4.

my,m,, g, ,+

Jml,m,

s

mi, 4

J25,,my,

y
H
2‘,23,m 'y, my, my, ) [16]  ake: Almn'm]
+

2’ 2 ,2) 2— m

X2 4y fxy s “ayo

20025, ),
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Family

Trigonal
Trigonal
Trigonal
Trigonal
Trigonal
Trigonal
Trigonal
Trigonal
Trigonal
Trigonal
Trigonal

Trigonal

Trigonal
Trigonal
Trigonal

Trigonal

Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Appendix — Trigonal Groups

Point Group Symbol

1UC| Hermann—Mauguin

3m
3m'
3'm'

3'm

Sfull

LI L] W] W L

32]]
321
32'1
3mll’
3ml
3m'l
3211

1 Schoenfli hubnikov Generators
3.1 Cip 31 3.1
3: G 3 3;
3r Ser or RS
éz Se § 3
3 S6(C3) 6 3.
320 Dig 320 320
Dy 3:2 3.2,
Dy(Cy) 312 3,2,
3.m,1 Cyr 3-ml' 3..m. 1
3.m G, 3-m 3..m,
3.m, G, (Cy)  3-m 3.,m)
3m,l Dy 6-ml' 3,,m, 1
izm\ Dy, 6-m g,,m\
iml Dy, (Se) 6-m' E:,m'\,
3m, Dy, (Dy)  6'-m 3,m
3im, Dyy(Cy,)  6-m 3m

Symmetry Elements
1,430, 1143}
3

A1 T,%3),43))

5 '“vﬁv *JJ

P '
,iS,} {m;, RO 3\}

MM [z

,,m\,”lh/g) 3,

[number]
6
(3]
[12]
[6]
[6]
[12]
6]
(6]
[12]
[6]
61
[24]

[12]
[12]
[12]
[12]
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Family

Hexagonal
Hexagonal
Hexagonal
Hexagonal
Hexagonal
Hexagonal
Hexagonal

Hexagonal
Hexagonal
Hexagonal
Hexagonal
Hexagonal

Hexagonal
Hexagonal
Hexagonal
Hexagonal

Hexagonal
Hexagonal
Hexagonal

Appendix — Hexagonal Groups

Point Group Symbol

1UC/ Hermann—Mauguin

r
short

alalaay oy

6/ml'

6/m
6'/m'
6/m'
6'/m
6221

622
622"
62'2'

6mml’

6mm

6'mm'

6m'm'

Sfull

622
622
622"
6mml’
6mm

6'mm’
6m'm'

d Schoenflies Shub Generators
6.1 Cer 61 '
6. C, 6
6 (,(Cx) 6’
6.1 Cyir 3:ml'
6. Gy, 3:m
6! Cy(Cy)  3:m’
6./m.1' Conr 6:ml’ 6_,m_,1'
6,/m, Con 6:m
6. /m. Conl(Sg)  6':m’
6. /m. Cop(Co)  6:m'
6./m. Cen(C3)  6':m
6.2.2,1' Dep 6:21'  6..2..1
6.2,2, Ds 6:2 6.2,
6’:2‘.2". Dy(Dy)  6:2 6..2,
6.2/2), Ds(Cs)  6:2' 6.,2.
6.mm,1' Cor 6-ml’ 6. ,m,,1"
6, m.m, Ce, 6-m
6. m m, Cep(Cy,)  6'-m
sz:m‘ Ce,(Cg)  6-m

44

Symmetry Elements
1,2.,43.,46,}, {12} ,+3] 6.}

zS
{1, m,,i_“a +6.},{1',m. 3. i !

2510,

41’2"’2vy«ﬁ\ S 2\’2&, zfmzwﬁ,*",
1,202 5, fwz\ an 2 i 220 32,%6:}
"Z\vz\f\ f\* NN

1,202 5,205,531 \2‘,2“ 2f\, 2,,46.}
) e
,1‘2: +3.,i6.,,{2 iy 2oy 2 2 2 i)

+3,,+

{1, m\,m\\/r' '"v o ,m,,m\/'“ m i 2.,%3,,46_},
43

{1',m}, “/:‘ m‘ By ,ml,,m' By M %T,ZZ,,3

Lme,m gme g, ’"«/’w T2

{Lm,,m By \\/5‘ __mm‘ ,nxJ—‘

+3,,+ !
{1,2,,43_,%6_}, \m\,m Ay ,VIL Ay ,m, m\f\‘ ,m'

m

461}
!
B3

[number]
[12]

69




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Appendix — Hexagonal Groups (cont’d)

Point Group Symbol

IUC/ Hermann—Mauguin

Family Ighort Jull a d Schoenflies Shubnikov Generators — Symmetry Elements _ [number]
Hexagonal 6m21"  6m2l"  6,m2 1 Dyyp m-3:ml" 6, ,m.1' .2),2 502 g M M 5,0 1 5,012, £3,, 26, [24]
‘1"2’\”21/%‘21/5.\?””:‘7",; 3\»’””? ]",nﬂ,i};,i@)
Hexagonal 6m2 6m2 6.m,2, Dy, m-3:m 6.,m, "1’2,\"2J§\\-’2\/§,\r’”1\’”’Yﬁ\-’m;ﬁ;*’":’i%’ [12]
Hexagonal E'Zm' §'2m' E_ll\m; Dy, (Dy)  m'-3:m' §;,2Y 1.2,.2 5,205, 835 {m) .l g oom } [12]
Hexagonal 5'1112' E'mZ' 82111\2} Dy, (Cy,)  m-3:m' E'm\ {l,m\,mhﬁ‘;m 30420, 205, 2 5 M- 6L} [12]
Hexagonal 6m'2' 6m'2"  6,m.2), Dy, (Cy)  m'-3:m 6,,m} {Lm,+3,,26.}.{2). 25 25 omim!, g om ) [12]
Hexagonal 6/mmm]’ %%%l' 6. /111:1;{\1;1}.1' Degpr m-6:ml'  6_,m.,m.1' (],T,Z\.,Zr 5o 25 3l,2t,2‘/§“ 2 s P 5 [48]
My M ML 2.,m_,43_,+3_,+6_,%6_},
{1/,?,2;,2/‘.\/3.
m;.‘miﬁn ,m\'ﬁ“,,
622 . T
Hexagonal 6/mmm  -a-an 6. /m.mm,  Dg, m-6:m  6_,m_,m, 1,1,2, ,2h/r‘_,2?‘/§‘ ,2, ,2\/5“ ) 5 5, [24]
Hexagonal 6'/m'mm' :’T%%’ 6L/m.mm,  Dgy(Dsg) m-6"zm' 6. ml,m, [24]
- 212 5y g M M
Hexagonal 6/mm'm' %%’% 6. /m_m.m),  Dg,(Cg,) m'-6:m  6_,m,,m, {L1,2,,m,,%3,,43,,46.,46.},{2.2) 55 .2, [24]
,m;\ﬁr,m% i ,m;.,m\'ﬁ“ 'z}
Hexagonal 6/m'm'm’ ST L 6 mlmim,,  Dg(Dg)  m'-6im’ Gomlm {122 5020 502002 502 R 20 43,46, [24]
. {T’.m;,m: 5y ,méﬁ‘_.m; ,m' iy ,n1:/§‘T,n1£, 3,46
Hexagonal 6/m'mm &ZL 6 /mimm,  Dg(Cs) m-6:m'  6,,mlm, Lmem g omgomy m g m o 20, [24]
B (T.2,.2, 5 20 52020 2 m! 53
Hexagonal 6'/mmm' EZZ 6L m_mm,  Dgy(Dy,) m-6":m  6.,m_m, 1.2,,2 502 ot 5 oM 2043, 56, [24]
{l’,Z'Y,Z'\,\/;‘ ‘2’7\/7”»"71:“”11/?\\ ,m “?,2:,13;,t6’:}
_ YARIATIQNS ON INTERNATIONAL UNION Of CRYTSTALLOGRAPHY _
Hexagonal 62m 62m 6.2,m, N D3, m-3:m 6,2, {1,21,21\/3}:,2?‘/3‘,,my,m 3xy,m\/§ﬁ,m:,i3:,i62} [12]
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Appendix — Cubic Groups

Point Group Symbol

IUC/ Hermann—Mauguin

Family Short Sfull 1 Sch lies Shubnikov Generators — Symmetry Elements A [number]
32§ 4(+3)
Cubic 231 231 2,31 Ty 321 23,01 {1,2,,2,,2, 43, #3043 0 43 01 {1,3(2),4(3)) [24]
Cubic 23 23 2,3, T 32 2.3, {1,3(2),4(13)} [12]
. 3(m) 4(3)
Cubic m31’ 231 m3,.0 Tir 6/21' m., 3zl ALL3Q2)me my,me A(£3),23,,, 235, [48]
B B B B B {1,1,3(2'),3(m"), 4(3"),4(=3")}
Cubic m3 23 m. 3y, T, 6/2 My, 30 {1,1,3(2),3(m), 4(£3),4(3)} [24]
Cubic m'3' 3 m.3, T,(T) 6'/2 m., 3, {1,3(2),4(+3)},{1.,3(m"), 4(+3")} [24]
9(2)
6(2) 3(x4)
—_—
Cubic 4321 43210 43,21 Oy 3/41 43,0 {L3(2),2,,,25.21. 252,22, 4(E3), 44 4 44 [48]
) ‘ {1,9(2),4(x3),3(x4}
Cubic 432 432 4.3,.2., 0 3/4 4.3, {1,9(2),4(3),3(4)} [24]
Cubic 432" 432 43,00 o(T) 3/4' 423, {1,3(2),4(23)},{6(2'),3(+4")} [24]
6(m) 3(+4)
— — — - — —_—
Cubic 43ml’ 43ml’ 4:3{\‘:/11\.‘.1' Tyr 3/41 4.3...1 {L3(2),myy myg my myz my mz 4(E3), 44, £4 44}, [48]
B B - B {1.3(2"),6(m"), 4(£3),3(x4")}

Cubic B3m H3m . T, 3/4 4.3, {1,3(2),6(m), 4(23),3(x4)} [24]
Cubic A3m' A3m' A3 ml, 7,(T) 3/4 4.3, {1,3(2),4(23)}, (6(m"), 3(+4")} [24]
_ B _ . _ _ X _ _

Cubic m3ml' A321 3 m U O 6/41 4.3, {1L1,9(2),3(m),6(m), 4(3),4(£3),3(+4),3(+4)}, [96]
B B ~ _ {1,1,9(2),9(m"), 4(+3), 4(+3"), 3(+4"), 3(+4)}

Cubic m3m m3g.my, O 6/4 4.3, {1,1,9(2),9(m), 4(+3), 4(+3),3(+4),3(+4)} [48]
Cubic m3m' m, 3, ml, 0,(T}) 6/4' 4.3, {1,1,3(2),3(m), 4(£3), 4(£3)},{6(2"), 6(m"),3(+4"),3(x4")}  [48]
Cubic m'3m' m.3,.mly,  0y(0) 6'/4 4.3, {1,9(2), 4(£3),3(x4)}, {1,9(m"), 4(£3"),3(+4")} [48]
Cubic m'3'm m. 3. my, 0,(Ty) 6'/4' 4.3, {1,3(2),6(m), 4(23),3(24)}, {T,6(2'),3(m"), 4(+3'),3(+4")}  [48]

.
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Appendix — Continuous Groups

Point Group Symbol

1UC/ Hermann—Mauguin

T
Family short Sull d Schoenflies Shubnikov Generators Symmetry Elements [number)
Continuous ol 0] o 1" Cor ool o_,1' {I,00_},{1", 0L} [o0]
Continuous 0 E 1 ®© E {loo_} [o0]
Continuous ~ oo/ml’ o, /m,1' Conr oo :ml’ o, ,m,,1" {L Lm0}, 0,1, m) o0l )@ [e0]
Continuous ~ oo/m o_/m. Cy oim o, m. {1 1,m 0.} [o0]
Continuous  oo/m’ o, /m Cop(Cp)  orm' o, m., {Loo, }, {1 m.} [o0]
Conqnuous w21 0,2 1 D, o0:21 0,2 o1 11,2, 0,0, 1,41 .2‘4‘1;@:‘, [o0]
Continuous 02 D, 0:2 0,2 0 11,2, 0,0, } [0]
Continuous 02" D, (C,) 0:2' 0,200 {0, },{2} 00} [o0]
Continuous  coml’ Cor o-ml’ 9, My 1 {0,002} AL Y 000 ) [o0]
Contfnuous oom C,, 0-m O 5 My Lm0} [o0]
Continuous  oom” C,(Cp)  oem’ 0, MY, {100}, {my [ec]
Continuous o/mml' r‘?% ! D,z m-co:ml' o_,m.,m,, 1 {I‘T,mz‘mﬂf,ZJ].Wuo:}‘{1"?,m;‘m'“,,2"‘7‘.x,w’z)”"’”’)’“) [e0]
Continuous oo/ mm %’% D, Mmoo, M My, 1, My M52 000,90, [0]
Continuous of/mm' 2 % Dy (Crp) m'-o0im 0 ,m_,mi,, 1, T,m,,00, ), {0, 200} [o0]
Continuous ~ oo/m'm =52 Doy(Cp) mecoim' oo mlimy, (Lm0}, (T,2),ml} [0]
Continuous o/m'm' %% D,,(D,) m'-o0:m' oo ml,m, 11,2005, 5 {jm_ﬁ.m:m } [o0]
Cont?nuous o000l oocol’ o, 1 Kg oo/l o,,1" ‘.l‘co,,,},{]’,so;}(‘) [o0]
Continuous 0000 000 0, K /0 0, {100, } [e0]
Continuous ~ wecoml’  cooml’ oo m,, 1" Kir wloo-ml’ oo, my,, 1 (LT, 00,0}, {1, Tty ool YO [0]
Continuous oooom cooom K, o/0-m L 1m0} [o0]
Continuous ooom’ oooom’ Ky (K) w/o0-m' oo}, {1, ml} [o0]
z - z

NOTES : _ P E = uniform i H =uniform
(a) 2, co, and m,2, =1 (e) oo, = Continuous rotation symmetry about z —axis ; o @% o
(b) my, 1= 24\:‘% (f) oo = Infinite number of continuous axes of symmetry 0.0% 20 OOZ@
(¢) 0,,%,,0, Co, (g)  my, = Infinite number of mirror planes of symmetry cﬂg [o)o) (0104
d) m.,m,,m. cm, h m,.., = Infinite number of mirror planes passing through z —axis °5°°

s My, 12 o Xy g ) p P 8 '8

(i) 2., = Infinite number of two— fold axes
lying in the x—y plane
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Appendix — Material Property Tensors (Triclinic)

Material Tensors

Family Group H i ¢ 4 [# of parameters]
o ) Hux My Hyz Sxx Sy Sx “Cre S S
Triclinic 11 Hyy byt & &y &y Lo £y Sy [21]
| | oz Hyz He | | S2x Sz 62z | =63z =$)z %z
. I My e b £y b Cu by G
Triclinic oyt 11, e by &y Gl e [36]
| tiee b1y 1t | s (S &y o
_ Exx Exy Exz My My Moz [000
Triclinic s o Epy € Moy My My 000 [12]
& Lo My U 000
| Az Hyz He: | L
Exx Exy Exz Mo Hyy Hyz [000
Triclinic Epy Eyy &y Hye Hyy My 000 [18]
| o &2y | | Ao Moy M | (000
- S Exy Exz My My Mz Sax Suy Gz
Triclinic £y 6y Hy Hy Hy: En by & 21
| €z &)z 62 | | o My He | | S2x Sz 62z

Not Reciprocal! RECIPROCAL = & =
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Appendix — Material Property Tensors (Monoclinic)

Material Tensors

Family Group [# of parame/ers]

.
s

Mo O piy
0w, 0

L 0 g
Mo O p (
0w, 0 Sy
0 g,

Monoclinic 21 [13]

i

.

e

Monoclinic [20]

o
o

Moo My My
My Hyy My
| M —Hye M

TN

Monoclinic [21

(e 0 pe
0 4, 0

L O gt

Monoclinic [12]

Moo 0 py
0y,
[t O i

Monoclinic [18]

Mo Hy My
—Hyy My M
M —Hy Mo
M O prg
0w, 0
Lt O g
M O piyg
0 p, 0
Lo O gt
By by My
“Hy My By
| e —Hye M

Monoclinic

“ ;

Monoclinic 2/ml'

Monoclinic

Monoclinic

Monoclinic [13]

Monoclinic [12]
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Family Group g ji 4 [#of parameters)
[0 0 0] 1, 0 0] [-&. 0 o
Orthorhombic 2221 0¢, 0 0 u, 0 0 -, 0 [91
10 0 .| Lo 0 w.| Lo o -&
[0 0 0] 1. 0 0 [¢. 0 0
Orthorhombic 0 &, 0 0w, 0 0¢, 0 [12]
10 0 e Lo 0 ] 00 ¢,
[En &y 0 [ M by O 3
Orthorhombic £, 8, 0 O [13]
| o F Lo 0 :
£, 0 0] [1e 0 0 #
Orthorhombic ~ mm21' 0 s, 0 0 p, 0 £ 8]
10 0 e LO 0 u.] Lo o000
(6, 0 0] [ 0 0] [0¢,0
Orthorhombic 0 &, 0 0 p, 0 e 00 [10]
L0 0 &.| L0 0 au.| 0 00
[ 2y 0 [ Mo by 0 [ 4 O
Orthorhombic £ 6y 0 oy Hyy O &y O [13]
10 0 e L0 0w Lo 0 &
[ o € [ o 1y O 00 &
Orthorhombic : —u, u, 0 0 0 £ [12]
. Lo 0w fo=6. 0
[ ] [1. 0 0] 000
Orthorhombic  mmm1’ 0 p, 0 000 [61
L0 0 u.| 000
[, 0 0] 000
Orthorhombic  mmm 0 p, 0 000 [61
L L0 0 u.| 000
e 00 He O 0 000
Orthorhombic 0 s, ¢ 000 8]
0 - 000
Ex . 0 S 0
Orthorhombic 0 0 p, 0 0 ¢, [9]
L O 0 0 u. 0
£ 00 te 0 0] 0 &
Orthorhombic 0 s, 0 0w, 0 £, 0 8]
L0 0 g L0 0 g 0 0
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Appendix — Material Property Tensors (Tetragonal-1)

Material Tensors

Family Group & i & [# of parumeterx]
[en 00 (o 0 0] Sue Sy O

Tetragonal 41 0 &, 0 0 s, O £, & 0 [71
L0 0z 00w 00 &,
(oo &y 0 [t sty O S Gy O

Tetragonal by (] &y S O [12]
L ‘. 0 0 . L
[ &y 0 [ 1 0] S S 0

Tetragonal 0 e, 0 0 u, 0 S éy O 91
L0 0 &, L0 0 au.| 0 0 &,

B e, 0 0] e 0 0] [u o O

Tetragonal 41 0 &, 0 0 uy 0 $o =€ 0 [6]
L 0 & | 0 0 0 00
[ &y 0 [ to sy O Sor Sy O

Tetragonal ey En fy Hye O N 110]
|0 0¢ L0 0 u. 0 00
[ey O 1 7;1” 0 0] Su Sy O

Tetragonal 0 &, 0 0 u, 0 Sy Sy O 91
10 0 e.| L0 0 .| 0 0 &
[e 0 0] (e 0 0] [000

Tetragonal 4/ml" 0 &, 0 My O 000 [4]
L0 0 &.] 0 0 . 1000
[en &y O [ to pg 0 [000

Tetragonal —Ey £ O —Hy, e O 000 [6]
L 0 €z L0 0w 000
[e,c 00 [y 0 0] [000

Tetragonal 4'/m 0 &, 0 Mo O 000 [4]
L0 0 &. L0 0 4| 1000
[ee 0 0 (e 0 0] Su Su O

Tetragonal 0 &, 0 0 u, 0 5 & 0 [7]
L0 0 & L0 0w 0 &
fe,, 00 [ie 0 0] [n Sy O

Tetragonal 0 &, 0 0 u, 0 Sy —6u 0 [6]
L0 0 &, 0 0 . 00
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Appendix — Material Property Tensors (Tetragonal-2)

Material Tensors

Family Group & i E £ [# of parameters]
[en 0 0 (i 00 (&0 00 (2o 0 0]

Tetragonal 4221 0 ¢, 0 0 u, 0 0<&,. 0 0 ¢, 0 [6]
LO 0 e LO 0 4 L0 0 & L0 0 &)
[en 00 (e 00 (&0 00 [Ce 00

Tetragonal 0 ¢, 0 0 u, O 0<¢,. 0 0, 0 [8]
Lo 0 2. L0 0 a [0 0 ¢, [0 0 ¢,
fey 0 0 T 0 0 & 0 0 &, 0 0]

Tetragonal 0 ¢, 0 0 u, 0 0¢&, 0 0 ¢, 0 [7]
Lo 0 e, L0 0w 00 e, 0 0 -,
[ea €9 0 [t 1y 0 [dw &0 0 [~6u ~6o 0]

Tetragonal &y £y 0 iy He O £y b O £y u O (91
L0 0. 00 [0 0¢. [0 0 <.
(60 00 [ 00 [0 &0 [0 &,0

Tetragonal 4mml’ 0 &, 0 0 g, O £, 00 £y 00 [5]
L0 0 &, LO 0w, L 000 L 0 00
>‘§xx 0 0 >/lxr 0 0 [ o &y O [ o é‘xy 0

Tetragonal 0 &, 0 0 g1 0 &y 00 £, 00 (6]
[0 0 e. L0 0 g L 000 1 0 00
[e, 0 0 ty 0 [0 ¢g,0 [0&,0

Tetragonal 0 &y 0 0 ue 0 Ex 00 Ex 00 [6]
L0 0 & 0 0w 000 00
[ea &9 0 [ s 1y 0 [ Sy O (6o &y 0

Tetragonal e O byt O il 0 Ly ée O (9]
L0 0. 00 . [0 0¢& L0 0¢&.

- [en 00 fe 00 fee 00 (£, 00

Tetragonal 42m1’ 0 &, 0 0 g, 0 0 ¢, 0 0 £.0 [5]
[0 0 ¢, L0 0 w, 10 0 0 | 0 00
[6q 00 [to 00 (6w 0 0 (¢ 0 0

Tetragonal 0 &, 0 0 u., O 0 6.0 0 ¢, 0 [6]
L O £, 0 Hez |10 0 0 |0 0 0
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Appendix — Material Property Tensors (Tetragonal-3)

Material Tensors

Family Group & )z 4 g [# of parameters]
e, 0 0] (e 0 0] e 0 0 [&, 00
Tetragonal 0 &, 0 0 u, 0 0¢, 0 0 &, 0 [7]
0 0 e. 0 0 p. 0 £ 0 0 <&
—-— - - - r 5 r P
£ 00 ty 00 0 &, 0 0 =5, 0
Tetragonal 0 &, 0 0wy 0 Ex 00 £, 00 [6]
LO 0 & LO 0 u.| 00 0 00
<> - r . e
Eu £y 0 Hee My O S 6y O S 6 0
Tetragonal &y £ O ~ty ty O g 4 0 Ly 0 0 (8]
0 0 e, 0 0 . 0 00 L0 00
£n 0 0] (1 0 0] [000] [000]
Tetragonal 4/mmml" | 0 &, 0 0 py 0 000 000 [4]
10 0 e L0 0 x| 1000 1000]
[e 0 0] (1 0 0] [000] [000]
Tetragonal 4/mmm 0 &, 0 0 u, 0 000 000 [4]
L0 0 ¢, | 0 e | 1000] [000]
[e 0 0] [t O 0] [000] [000]
Tetragonal 4/mmm' | 0 &, 0 0 uy O 000 000 [4]
10 0 e L0 0 . 1000 1000]
Eu £y O [ oty 0 [000] [000]
Tetragonal by E 0 “Hy ty O 000 000 [6]
0 0 &. 0 0 . 1000] [000]
- = - - - -
go 000 M 00 S 000 S 000
Tetragonal 0 ¢, 0 0 u, 0 06, 0 0<¢,. 0 [6]
—J L0 0 e 00" u.] Lo 0 & Lo 0 &
£ 00 fe 00 0 £,0 0 ¢, 0
Tetragonal 0 &, 0 0 u, 0 £, 00 Sy 00 [5]
10 0 &, 0 0 p. 0 00 00
[e 0 0] [, 00 [ 0 0 [ 00
Tetragonal 0 ¢, 0 0 u, 0 0 -£.,0 0 -£.,0 [5]
10 0 &.] |0 0 . 0o 0 0 Lo 0 0
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Appendix — Material Property Tensors (Trigonal-1)

Material Tensors

Family Group & it ¢ [# of parameters]
[e,, 0 0] (i, 0 0 o &y 0
Trigonal 31 0 &, 0 0 u, 0O £y 6 O [7]
L0 0 &.] L0 0 4. 0 0 -,
_ [en &y 0 [ sy 0 [Co Gy O
Trigonal €y Ex 0 “Hyy e O G e O (2]
| 0 0 &, | 0 y7. L 0 0 ¢,
B fe 0 0] [ 0 0] [000
Trigonal 3r 0 &, 0 0 g 0 000 [4]
10 0 ¢, ] |0 0 u.| 1000
[ ex &y O [ ety O [f0ooo
Trigonal —Eyy b 0 My My O 000 [6]
0 0 &, 0 0 u, 1000
[enc 0 0] (i, 00 S oy 0
Trigonal 0 &, 0 0 u, O Sy S O [7]
0 0 e. 00 00 &
[, 00 ty O 0] [~&. 0 0
Trigonal 321 0 &, 0 Hee O 0 £, 0 [6]
10 0 ¢, | 0 0 .| L
few 0 0] (i 0 0] [Co 00
Trigonal 0 &, 0 0 s, O 0 ¢ O [8]
10 0 &.] |0 0 au. 10 0 ¢..
) Exe &g 0 Hee My O Coe 6 0
Trigonal —& € O —lyy Moo O S S O [9]
| 0 0 &, | 0 . | 0 0 -¢&.

79

49




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Appendix — Material Property Tensors (Trigonal-2)

Material Tensors

Family Group £ i E f [# of parameters]
[ 0 0] e 0 0] [0 &0 [0 &0
Trigonal 3ml’ 0 ¢, 0 0 u, O £, 00 <y 00 [5]
L0 0 & ] 0 0 u. L0 00 L0 00
e, 0 0] u, 0 0 [0 &0 [0 ¢,0
Trigonal 0 &, 0 0 s, O &, 00 ¢y 00 [6]
L0 0 &.] 0 0 . L 0 00 | 0 00
) Ex € O My My O S So 0 Sa o O
Trigonal ey Ex 0 Hy Hox O Ly Sxe 0 b 0 ]
L0 0z, 070 [0 0 & [0 0 &
_ [€n O 0] [t O 0] [000 [000
Trigonal 3ml' 0 ¢, 0 0 u, O 000 000 [4]
10 0 e 00 4] 1000 1000
B [, 0 0] [t O 0] [ooo [000
Trigonal 3m 0 &, 0 0 g, 0 000 000 [4]
LO 0 &) L0 0 u. 1000 1000
[ Ew &y 0 [ o sy 0 [000 [000
Trigonal &gy Exx 0 —y, Mo O 000 000 [6]
[ 0 0 e, | 0 0 . 1000 1000
fee 007 (e 00 (& 00 (& 00
Trigonal 0 e, 0 0 4y O 0¢&, 0 0<&. 0 [6]
Lo 0 e [0 0 L0 0 & Lo 0 &
e 0 0 fue 0 0] [0 &,0 [0 &, 0
Trigonal 0 &, 0 0 u, 0 £, 00 Sy 00 [5]
L0 0 &, L0 0 u, | 0 00 10 0 0
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Appendix — Material Property Tensors (Hexagonal-1)

Material Tensors

Family Group £ ) E [# of pammeters]
[en 0 0] [ie 0 0] [ &y O

Hexagonal 61' 0 &, 0 0 sz, O £ &y O [7]
L0 0 &.] LO 0 u] LO 0&
f €y O M My O S Gy O

Hexagonal £y £n 0 Hy e O Sy Eu 0 (2]
L0 0 e L U L 0 &
e, 0 0] [ue 0 0] [ o &y O

Hexagonal 6 0 & 0 sz, O £ & O [71
10 0 e, | [0 0 u. 0 &

_ [e, 0 0] [t 0 0 [000

Hexagonal 6l 0 &, 0 0 sz, O 000 [4]
10 0 e.| 100 u 1000]
[ eu &y O Mty 0 [000

Hexagonal —&y, & 0 ~fyy, My O 000 [6]
| 00 0 & L0 0 . (000
e, 0 0] [u, 0 0 [ o &y O

Hexagonal 0 &, 0 0w, O &y S O [7]
L0 0 &.] LO 0 u] 0 0 &
[ee 0 0] e 00 [000

Hexagonal 6/ml' 0 ¢, 0 0 u, 0 000 [4]
10 0 &, 0 0 . [000]
7"‘« &y 0 7/‘« My O [000 [000]

Hexagonal —& £ 0 —ly, My O 000 000 [6]
L 0 0 e, 0 0 . [000 [000]
[eee 0 0] [t 0 0 [000 [000]

Hexagonal 6'/m' 0 &, 0 Mo O 000 000 [4]
10 0 & 1070 u 000 [000]
[eee 0 0] [t 0 0 o Sy O S =Sy O

Hexagonal 0 &, 0 0 sz, 0 &y S O Sy S O [7]
0 0 e | Lo i, 0 0 &, 0 0 &,
£y 0 0] #ny 00 [000 [000]

Hexagonal 6'/m 0 ¢, 0 0 u, O 000 000 [4]
0 0 &, LO 0 p. [000 [000]
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Hexagonal
Hexagonal
Hexagonal
Hexagonal
Hexagonal
Hexagonal
Hexagonal
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Appendix — Material Property Tensors (Continuous-1)

Material Tensors

Family Group & i & ¢ [# of parameters]
60 0 0] [ty 0 0] Sue Sy O S Sy O
Continuous ool 0 ¢, 0 0 gt 0 £y S 0 £y o 0 [7]
,0 0 & 0 0 4 0 ez (U
_ [ 6w 6y 0 [ H tty 0 [én &y 0 Co $u O
Continuous &y Exe 0 “Hy M O Sy S 0 Cop S 0 [12]
L 0 0 &, 0 0 u [ 0 0¢&. 0 0 ¢,
[ey 0 0] e 0 0] [000 f000
Continuous o/ml' 0 ¢, 0 0 uy 0 000 000 [4]
10 0 e 100 u 000 000
[ ey O Mty 0 [000 [000
Continuous —&y Exe 0 ~fyy, Hy O 000 000 [6]
| 0 0 &, | 0 0 . (000 [000
6w 0 0] [t 0 0 [ S =Sy 0
Continuous 0¢, 0 0 u, O 5 ¢ 0 Sy S O [7]
10 0 &, | [0 0 4| Lo 0e¢. o o &,
(e 0 0] (e 0 0] [&e 00 [£w 0 0
Continuous 21’ 0 &, 0 0 u, O 0¢&, 0 0 £, 0 [6]
[0 0 e 00" Lo 0 & Lo 0"
[ee 0 0] e 00 fée 00 [Co 00
Continuous 0 &, 0 Mo O 0&, 0 Co O [8]
10 0 &, | 100 u lo 0 ¢ Lo 0 ¢
) fx &y 0 Hex Hyy O S Gy O o Sy 0
Continuous ey £y O ity tee 0 Syl 0 R (9]
| 00 0 & | 0 0 4. Lo [ [0 0 -
[e, 0 0] [ie 0 0 [0 ¢,0 [0 ¢,0
Continuous ooml’ 0 ¢, 0 0 uy 0 £, 00 £, 00 [5]
10 0 &, | 100 u. 0 00 0 00
[eee 0 0] [t 0 0 [0 &0 [0 ¢,0
Continuous 0¢, 0 0 uy O £, 00 <y 00 [6]
10 0 e, | [0 0 u. L0 00 »0' 00
) Ear €y O Hee fyy O S Sy O Sar Gy O
Continuous e 0 gyt 0 Lyl 0 Lyl 0 9]
[0 02, L 070 u | 00 &
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Appendix — Material Property Tensors (Continuous-2)

Material Tensors

Family Group & p E ¢ [# of parametem]
[eee 00 [t 0 0 [000 [000

Continuous o/mml’ 0 &, 0 0 u, O 000 000 [4]
10 0 e L0 0 1000 1000
[eee 00 [t 0 0 [000 [0o00

Continuous oo/ mm 0 &, 0 0 s, O 000 000 [4]
| 0 & L0 0 g 1000 1000
(e €9 0 [t s 0 [000 [000

Continuous - Ex 0 —ly M O 000 000 [6]
| 0 0 & L 0 0 . L1000 1000
(e, 0 0 e 00 [0 &0 [0 =&, 0

Continuous 0 &, 0 0y 0 £, 00 Sy 00 [5]
10 0 &, 0 0 . 0 00 0 0

=\ [ 0 0 Ho 00 [&e 00 [& 00

Continuous 0 &, 0 0y 0 0 ¢y 0 0 ¢y 0 [6]
10 0 &, L0 0 . L0 0 &, 10 0 &,
[e00] [£00] [£00 [-£ 0 0

Continuous o000l 0e0 0u0 0&0 0-¢£0 [3]
100¢]| 100 x| |100¢& |0 0 ¢
[e00] [£00] [€00 [¢00

Continuous 0e0 0u0 0&0 040 [4]
100¢]| |00 x| 100¢& 100¢
[e00] [100] [o00 [000

Continuous oooom]’ 00 0uo0 000 000 [2]
100 ¢ |00 x| 1000 1000
[600] [1100] [000 [000

Continuous 00001 0&0 040 000 000 [2]
100 ¢ |00 x| 1000 1000
[e00] [100] [£00 [é00

Continuous 0e0 0uo0 0&£0 0&£0 [3]
100 ¢ 100 x| 100¢& 100¢&
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Appendix — Ferro/Anti-Ferromagnetic Point Groups

O Anti-ferromagnetic (59) DISCRETE POINT GROUPS

CONTINUOUS POINT GROUPS

Nonmagnetic Magnetic Nonmagnetic Magnetic
. — —_—
Crystal Family Typel Typell Type Il Typel Typell — Typelll
(# of classes)  p.p P P(H)=H+(P-HY P+P' P P(H)=H+(P-HY
Triclinic (5 1 L ol ”
©) v ] () o /ml' wlm  olm
Monoclinic (11) 21 2 & w2l 2 w2
2/ml 2 270 ) A ooml’ wom cont
. 2221 2A2D
Orthorhombic (12)  mm21’ 2 2 2'gn oo/ mml' oo/mm oo/ mm' oo/m'm ool m'm'
mmml’ oy nlgm' m' coool’ o
41 2 ) -
a1 1 coml’ ‘ -
4/ml' Al 407) 4@' @)1' e e "
Tetragonal (31) 4%% zll' : 44 03, frz,ﬁ{ + + = |21 continuous groups
a7 a SRl —
42ml' 0) , 4@ |, 42w
4lmmml’__ 4RBm 4’/ n@iy’ 4/ i ;71’4767?)"1’”/4/”(%”1 4/10)'m SPATIAL SYMMETRIES : Mirror, Rotation, Inversion through origin
%{ TEMPORAL SYMMETRIES : Time Inversion (denoted by prime)
Trigonal (16) 321
3ml’ .
3ml, o References:
Qll" A.Authier, International Tables for Crystallography-Volume D
6/ml' Ol Physical Properties of Crystals, John Wiley, 2010.
Hexagonal (31) 6221
%’,’,1,1311' 6GY dmo V.Dmitriev, "Tables of the second rank constitutive tensors for
()/g'.‘”{{"l' 6 /gr'm’ 6 @’31’”1’ 6/KDm 6' Gy’ linear homogeneous media described by the point magnetic groups
. m3l of symmetry," PIER 28, 4395, 2000.
Cubic (16) %;21]
s i
3l A A.Shubnikov and N. Belov, Colored Symmetry, Pergamon Press, 1964.
+ = [122 discrete groups Marc De Graef, ”Tcu(‘/m?g wjx:.vtu/l()grup/zi(‘ and magnetic point group
three-di | rendered visualizations," lab

Notel: P'=Time—reversed point group symmetry elements

Note2: P = Point group symmetry elements

symmetry using
at http://www.iucr.org/education/pamphlets/23

Note3: H = Halving point subgroup of P
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Appendix — Discrete Mirror Symmetries

-1.0 0 100 10 0 0 -1 0
me=[0 1 0, m=0 -1 0,m=[01 0|.my=/-1 0 0f,
0 01 0 0 1 00 -1 0 0
1B
fzzo 0 0 -1
=L Lool.me={0 1 0|, m=
0 0 1 -1 0 0

54

1 NG} 1 B
01 0 2 2 0 2 20
_|_B 1 _| ¥ 1
ms, 1 00 N e 0 ’mi«ﬁy’ 5 -3 0
01 0 0 0 0 1
00 1 1 0 0 100
01 0|,m={0 0 —1|,mp={0 01
100 0 -1 01 0
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Appendix — Discrete Rotational Symmetries

One— fold rotation axis of symmetry Notes :
100 (1) Rotation is in right —hand rule sense with thumb pointing out from the origin along symmetry axis
Example: 4, = rotation by +90° about z - axis in right —hand sense (i.c., counter — clockwise)
=10 1.0 —4_ =rotation by —90° about z— axis in right —hand sense (i.e., clockwise)
001 (2)  n-— fold axis is symmetry rotation by @ =360°/n
3) Primed operators (e.g., 1,4~ etc.) are obtained by including time inversion
Two — fold rotation axis of symmetry B 0 B 0
1 0 0 -1 0 0 -1 0 0 01 0 0 -1 0 202 2 2
2,=[0 -1 0 =lo 102 =f0 s1o 2,210 0], 2,21 0 0], 25 =8 L o], 25=-L L o
0 0 -1 0 0 -1 0 0 1 0 0 -1 0o 0 -1 0 0 -1 0 0 -1
LA 0 1.5 0
2 2 2 2 0 0 1 0 0 -1 -1 0 0 -1 0 0
25,512 L o) 2=~ 8 L of.2.=0 10,220 <1 0].2.=0 0 1].2.=[0 0 -
S 1 0 0 -1 100 10 0 010 0 -1 0
0 0 -1 -1 0 0 0 1
-1 0 0f, 0 1},3g=|-1 0 0
0 1 0 00 0 -1 0
Four — fold rotation axis of symmetry Six — fold rotation axis of symmetry
1 00 100 00 -1 0 0 1 010 0 -1 0 %gg %—@0
4,=/0 0 1],-4,=[0 0 -1|,4,=[0 1 0|,-4,=/0 1 0,4, =-100|,-4.=1 0 0 6= 1 ol _e -l 1
0 -10 01 0 1.0 0 -1 00 0 01 0 0 1 2772 2 >z 2 2
0 0 1 0 (U
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Appendix — Discrete Roto-Inversion Symmetries

One— fold roto—inversion axis of symmetry Notes :
-1 0 0 Example :
T=-1=[0 -1 0
0 0 -1

[ 0 0 1 B o1 0} 00 -1
0 0|, 3=[1 0 0|, -3=00 -1,35=/10 0
-1 0 0 -10 1.0 0 01 0
Four — fold roto—inversion axis of symmetry
[-1 0 0 -1 0 0 0 0 1 0 0 -1 0 -1 0 0 1 0
4,={0 0 -1|,-4,=[{0 0 I,Z},:O -1 0f,-4,={0 -1 0|,4.=[1 0 0|,-4=[-10 0
01 0 0 -1 0 -1 0 0 1.0 0 0 0 -1 0 0 -1

Six— fold roto—inversion axis of symmetry

[_1 5 1B

=2 3 0 7 3 0
G- 1 Gl
6.=1% -3 0|,-6.=-F —5 0

0 0 -1 0 0 -l
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Appendix — Continuous Symmetries

Continuous mirror — plane axis of symmetry

—cos20 —sin260 0
My =| —sin20  cos20 0
0 0 1

Continuous two — fold rotation axis of symmetry

cos20 sin20 0
24y =| 8in20  —cos26 0
0 0 -1

Continuous rotation axis of symmetry

cos¢ sing 0
o, =|—sing cosg 0
0 0 1
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—

2019 International Symposium on
Electromagnetic Theory e S

LECTURE #3

Field and Potential-Based Methods of Analysis

Dr. Michael J. Havrilla
Professor
Air Force Institute of Technology
WPAFB, Ohio 45433

s

Field and Potential-Based Methods of Analysis - Overview

COMPUTATIONAL FIELD DECOMPOSITION DIFFERENTIAL EQUATION (ANALYTICAL)

= FDTD = TE,TM,TEM = Separation of Variables

= MoM = Transverse/Longitudinal = Method of Undetermined Coefficients
= FEM = Mode Matching = Green’s Function

= Use of Symmetry/Invariance

EQUIVALENCE/EM THEOREMS APPROXIMATE TRANSFORM
= Love’s Equivalence = Far-Field Analysis = Phasor Domain
= Physical Equivalence = Perturbational/Variational = Fourier Series
= Volume Equivalence = Asymptotic Analysis = Fourier Transform
= |mage Theory = Born Appoximation = Laplace Transform
= Duality = GO,GTD,UTD (Ray Based) = Complex-plane Analysis
= Lorentz Reciprocity = PO,PTD,ILDC (Current Based)
POTENTIALS

= Scalar Potentials
= Vector Potentials
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Factors That Influence Analysis Method — Overview

FACTORS THAT INFLUENCE CHOICE OF ANALYSIS METHOD

1. Constitutive relations/material tensor form.

2. Sources vs. Source-free.

3. Field type and invariance.

4. Radiation/Scattering/Propagation environment.
5

Complexity of problem (CEM often needed)

EM theorems can aid in analysis — and are reviewed next.

95

Fundamental Theorems — Duality

VXE:_jh_ja{B V.
VxH=J,+ joD V.

ST
RS
T

[l
U\ Mg

> il
I
SIS

S O
Il

EoH

D« -B
P. <> —py,  a duality transformation
J, & —J, (not unique)

E < —[i

£

If invoking duality, make sure any boundary conditions are also
dual to the original boundary conditions (e.g., PMC dual to PEC)!
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Fundamental Theorems — Reciprocity

VXE ) ==p0 _fa)Bl,z Dl ) =& Ei,+S-Hy, two different sources/ fields,
VxH y=J,,+joD, B ,=C- E +ji-H,, butsame frequency and medium

Vo (EyxHy—Eyx H)) = (Ey-Jo = Ey-Joy —Hy - Jyy + Hy - J o)+ jo(H, - By —Hy - B —Ey - Dy + Ey - D)
if =0 = reciprocal environment 1<>2

(source and observer can be interchanged)
Note: V(AXB) B-VxA-AVxB

= = H, "Flzﬁ-"-ﬁl ji=ji"

Hy -By—H, -B—E -Dy+Ey D=0 ..if A N e R ... for reciprocal media
Ei-¢-Hy=-Hy-¢-B ~ E£=-"
H -C-Ey,=-E,-&-H, F=_ET

Much research occurring in non-reciprocal media — especially at optical frequencies!

97

Fundamental Theorems — Image Theory

P EqB=0 tEq-B=0 S L
E 20 o o R=xx+yy-zz={0 1 O
’ IN B H = E, NeYi —
Iﬁ I E,H=0 I* - Makes physical sense. 00 1
I J : ell - 7 n 7T
. et — . et \ ’ r_
en N — en ! Sen Je R €
. Iﬂht N o 5 Ijh, E J;;,I N J,=R-J, to ensure
" PEC T E'=-R-E "i-E,i-B=0
£rél 220 gmél oo S B=R-B
cD' P E' r cB' .
e e e e . s = = e 2 = =T = Cpp formulation
R-cD=R-P-E+R-L-cB —-R-cD=R-P-R-(-R-E)+-R-L-R-R-c B
RA—RA-E+R-O.cB  R-il=—R-N-R-(-R. )Réﬁﬁ* (reveals how D', H',
¢ = T L —— P ['M',0 transform)
H M’ E’vr Ql cB
J. Kong, “Image Theory for Bianisotropic Media,” IEEE Trans. Ant. Prop., May 1971. o8
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Fundamental Theorems — Image Theory

e e e e e - f—f’)% g—gﬁ f—f% ngh r:ljﬁ
R-D=R-§-E+R-&-H —-R-D=R-§-R-(-R-E)+-R-(-R-R-H :
= P .. 7 - . _ ..Cgy formulation
R-B=R-{-E+R-ji-H R-B=—R-(-R-(—R-E)+R-ji-R-R-H
é’ 51 El lz’l’ Ij[,
B B xx Xy —Exz . B Hix Hyy Hiyz
=R-&-R=| &y &, 6|, H=R-uR=puy p, 4
| Ex ~ gzy &2z “Hx :uzy Hz;
image medium
L | Tee e e | o Ton G | eimedi b s,
é :—R'f'R: _é:yx _éyy éyz D év :_R'éy'R: _évyx _é/yy éyyz
i é:zx égzy _égzz éV zx évzy _é/zz

J. Kong, “Image Theory for Bianisotropic Media,” IEEE Trans. Ant. Prop., May 1971.
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Field Based Analysis — SIMPLE Media

—

VxE=~J, - jouH (1)

— VXE+jh
U )=> | H=———"—"(
VxH=J,+ jocE (2) M Jjou 3
B3)—->2) = VxVxE—sz:—ja)ng—Vx]h : /(2:0)25;1 or

VxVxE=V(V-E)-V*E

Jjwe T result
& Jjog

not so fun

= 5 2% - oV . _
wr P Vid, = VERE=joul, V94V, well =known
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Field Based Analysis — General Bianisotropic Media

e Eyy Eyz o | M Hyy My o Sy Sz || S S | ™
£, £

equations directly
zX gz}" 4 ILIZX ﬂZy ﬂZZ gzx gz’ §ZZ é/ZX é/Z}" é/ZZ

Key point! ~ L B .
- v - S . \v4 i E=—-J, — iwil -
VxE=Vx [-E =-J,—jwji-H-jolE or (VXI;J,”Q ?I th ?wf‘g ;1)
Vxﬁ:in.F[:je+ja)§.E+ja)g.g ( X —]Ct)g) =J, Tt jws - ()

-1 - . BN o -1 7
(1) — H:_lu (VX]+JW§) E_Iu ' Jh

J@ Jo

(€)

)—=>2) =

WE -E :[(Vxlﬁfjmf)-[f] ~(V><]“+jmg;)fmz€']-ﬁ = a/a)j(, f(Vx[Hfja)f‘)-[f] . 7,

0 is 331 @)
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Field Based Analysis — Specialized Bianisotropic Media (Transverse/Longitudinal Decomposition)

2%x2

EH)N+ 22 xH, = J, + joi, - E, + jo&, -

t
L =—Jy —joi; - H, — jog, - E,
Longitudinal Relations

Vt Xﬁt = 2‘]82 + éja)ngz + éja)ngz or éEz — 1 ;uz _gz Vt X Ij{t - 2‘]82
V,xE, ==2J,, —zjou,H, — zZjod E, ZH,| Jeu—<)| ¢, & ||-V,xE, -2,

Az

102

61




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Field Based Analysis — Specialized Bianisotropic Media (Transverse/Longitudinal Decomposition)

L,-F,=L,J = F,=0;"-L,-J| |[L, is block 2x2] ‘

& . - 2. o ¢, - - N - 2. =
A—“yr-VtXVtX[,—a)lth~8r ?#t'vtxvlet_Ja)lur'zjler_wfut"fz

i = s :
—t £
- TN 2. 3 “, o - 2. .
Zg,-V,xV,x[,+]a)g,~zE><1t—a) g ¢, th-Vththt—w &, 1,
@il vV x5~V x5 > v
- JOH T3~ Hy = Vy A M Ve - E, = | J,
= g g L F =] 20, J=]%
= H 2 .V, x %% —TE, _él & .V.xzz = H - J
A G VexzE Jog ==&V, X2z t h

= K K 0
l:éEz:l 1 |:/,IZ _‘fz:||:thHt_2Jez i| k= K.xx K.xy 0 .
| T »

ZH. | Jon|=C. & ||-V,xE,—2J,,
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Field Based Analysis — Uniaxial Anisotropic Media (TE/TM Decomposition)

Transverse Relations Longitudinal Relations

VxH=J,+ jo(el, +%2¢,)-E VTX;;H:+2;%XHI:j('[+.j(u‘5‘[ﬁ‘[ VxH, =%], +%we E,
] V><E/ :72‘\']/12 7‘:ja)fu:H:

E,+E, =V,®+V,x20 ~ J,=J,, +J,, =Vu,+V,x2v, 2D Helmholtz

Et: t
H =H, +H, =V, x+V,x2y  Jy, =Jp, +J, =Vu, +V, x2v,  expansion.
Hy _; P : : ok, - 4
V,xzH, +2x# =J,, + jos,E, TE ™ V,x2E, + %% 62” =~Jy, — jou H,

., OE ; - o : , oH, - .
Ex—=—J,, — jouH, Jhz H. Hy o Ez B x— =,y + jog,E,
= 4 ’ 5z / /

— V,xH, =z2J, +zjws,E,

V,xE, =-2J,, —Zjou,H, .
Elr Htr 1

|

0’0 u 1 ou, | Oy ¢ € ou, .
_aﬁ_jvfg_ktzg:_jjhz +672h—160ﬂz"e - 5 y2/ —:tvzzl//—kf‘// ::tt]ez - a; ALY
z z z z z z
1 06 1 1 0 1
=———(+u,) , H, =——(V70-J,) o=—(Lou) B =—— (Vi +J,)
jou, 0z jou, jog, 0z jos,
104
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Field Based Analysis — Anisotropic Gyrotropic Media (y-invariance)

N VxH=J,+ joi-E
VxE—fJ,Zf/() -H

0 & O 0 H 0 |, —=0 =
—-j& 0 g —jiz 0y
T =Jo + j0OGE, — 05, TEy TMy e =—Jy —jouH, + o H
aH-" — ; X X z 5Ev .
Y Vv onE, v josE,  (TM*,TM?)  (TEX.TE®) 2= J, —ouH, - joul.
OE, OE, _ . oH., OH
T Tox + Oz Jhy ]a),quy v J +ja)€2E
i€ & -4 o =
VtzHerszy:_)A/'Vtx‘]et"'jfvt"] +/a) - Jln Vle}’+k2Ey:Jﬂ/'V[Xth_jivz Iy +Jjo P 2
1 1 1 1

oH ,
{EX] B 1 {ngl e, :||:Jex = ]
E 20.2 _ 2\ —we;y jos o,
z @ (:91 53) 3 J 1 Jez —TX'
L0 .0 2 o -
Vi=Xx—+z— , k" =0"——F—=
ox Oz &

{Hx]: 1 {jw,u] w;g} I = 7

Ho1 0 (i — ) moms Joa ) g 2
27

g+2£7k2:w2(/11 153)E:

V,=x
Ox Oz 1y
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Vector Potential Based Analysis — SIMPLE Media

VxE =—jouH (1)
VxH=J,+ josE (2)
V-E=£ (3)

V-H=00r V-B=0 (4)

(4) = B=uH=VxA4 (5
5) > ()= E=—jod-Vd, (6)

.02
VA+KA+V(-V - A) =—uJ, +V(josud,)

V-A=—josud,...Lorenz gauge =
szljkz;l:—luje
H :%VXA ...much nicer
E= A+VV-A)

VxE=~J, — jouH (1)
VxH = josE (2)
V-E=00rV-D=0 (3)
g =P
V-H =" (4)

(3) = D=¢E=-VxF (5)
(5) > (2) = H =—joF -V®, (6)

(5).(6) > ()=
V2F +k? F+V(-V- F)——&]h +V(josud,)
V.-F =—jweu®,, ... Lorenz gauge =

Vzﬁ +k2ﬁ = _gjh
E———VXF
Fl:.;(kzluvv-ﬁ)

Joeu

...much nicer
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Vector Potential Based Analysis — Anisotropic Media Example/Bad News

VXE=—jowji-H (1)
VxH=J,+ joi-E (2)
V(&-E)=p, 3)
V-B=V-(ji-H)=0 (4)

(4) => B= ,uH VxA(S)
(5)—>(1):>E——]a)A Vo, (6)

(), (6)—>(2):>
Vx(y VxA) = +a) §-A- joé -V,
V. A—??? =

Not Isotropic = W
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Scalar Potential Based Analysis — Bianisotropic Gyrotropic Media

K; —ng 0
‘ K=|jkg K 0 :Kzfz+j’(g2xft+2’(zf wfor =856 =
0 0 K

Transverse Relations
VxZH, +2LxH, =], + jog E, - 05,2 X E, + jo&H, - 0f,2x H,
E ~Jy — jouH, +a),ug£><1:1t — jo¢,E, +a)§g2><E,

Longitudinal Relations
VxH,=2], +3jwe,E, + 3ol H, o [EEZ } B
VxE, =-2J,. - jou.H. - jo E, | ZH.

|: H _§Z:| Vt xl:{t _2‘]62
L. e |-V, xE -2,

Jo(e:p:=6:62)

Az

E Vb+V,xz0 , H V.t +V, xzy

J = Vg +V, x5, =V, +V,x2v, » Vi LV, x2 =

/ame//a/‘ rotational
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Scalar Potential Based Analysis — Bianisotropic Gyrotropic Media
-1
Ll L2 4 N v Ll L2 5 —
[L3 }[0} LJ = [9]‘[@ LJ LJ [L is block 1x1] ‘

VR v S VY N0 L R YR MG —HaS) HGeHaGiy g 2ra He(Eky=5,8 )+, (MG —HeS))
L= A, Vi o 0z (A ) m = ( Iy )+ o m )% [, m ]
_ &AM g2 A _wA, a 55/# ~r§é Sl 0 28N Hel8€, 6,8 G, (St —6iG )
L= MA Vi TLT(A oz) ) - 4 )zl 7 7 ]
__ i Aol wAr( a5l ;J’Fﬁgé 0 208N, E b mEIE Gt E L)
Li=— % Vi—aaGa) )+ el - ]
__EA G2 _ Ao S0y, wA, e Lf —£48 Lw —E44 a 2ra L EeEg=EG )6, (66, —E,6))

L, &A. Vi & 6z(A, 0z ( )= a( ) @ [A & ]

4, G e —HS, ¢ My =6 e JjoA, N
5 = ;1/0( (3 ’u )+(u(7l S, + ’J ;1 = 2 ’uh)+(u(7’ 8y, — 2V 7—;;Ai I
A s A, A : A
5y :7?’(° —u )+a)(%)ue 10, +2 C e +—’L L/uh)Jra)(im 5 )y, 7—;“4 e
. ov 26
|:(Dj| 1 w(;ulég _,Ugét)'//'*'w(égﬂt _ézgg)e"'/u/ %_u3)+§[(%7+ull)
T joA . 2 . (00
4 N (g g =S EW (8,8, —£,6)0 =& (F—u) —5,(L +uy)
- Foo_s t 2, s b N2 _ini § o I 5
E,=V,0+V,xz60 = = TE A, Vi ja)A Vio- JwA, e +ja)A i
H Va+V, <2y F -3 % y2 S: 2, Zei o I 0§
(*EY H, =z V 0+Z V VY " Ton Jh+ijZ J,
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Field and Potential-Based Methods of Analysis — Key Take-Aways!

KEY Take-Aways

Constitutive relation form greatly influences analysis methodology!!

Scalar potentials should also be taught for SIMPLE media

to aid in transition to complex media!!

Consider all factors before solving problems.

110
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Field and Potential-Based Methods of Analysis — Homework

Find alternative duality transformations.
Find the reciprocity relations for bianisotropic media in the Cg; formulation.

Under what conditions is image theory most useful for bianisotropic media?

_90 0

0 0z oy

TNV (3R 5w 2 (£ 50 20N | @ 0

Showtheoperatoer[—IxV—(xx+yy+zz)x(x§+y§y+za—z)— = 0 -+
0 2

oy Ox 0

Find the field analysis for anisotropic gyrotropic media having z-invariance.

Show how the scalar potential analysis simplifies for uniaxial anisotropic media.

Show V- A-Vy =V, - A-¥ ...if A=A".

111

Overview — Lectures/Big Picture

MACROSCOPIC \/

EMTS 2019 MAXWELL
Field and Potential Based EQUATIONS

LECTURE #1

LECTURE #8

Methods in Anisotropic CONSTITUTIVE J
and Bianisotropic RELATIONS
Electromagnetics

LECTURE #4,5 ©
FIELD & POTENTIAL
J SOLUTIONS/EXAMPLES

LECTURE #1:JReview various forms and regimes of validity of Maxwell’s equations and constitutive relations.
LECTURE #Z:JDiscuss factors that influence anisotropy and bianisotropy.

LECTURE #3: ¥ Discuss field and potential based methods for solving electromagnetic problems.

LECTURE #4,5: Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

LECTURE #8:  Summary, conclusions and future research. 112
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2019 International Symposium on M T
Electromagnetic Theory ,,—FIT.

LECTURE #4

Field-Based Examples — Source Free Region

Dr. Michael J. Havrilla
Professor
Air Force Institute of Technology
WPAFB, Ohio 45433

N\
;!
i

5

Rectangular Waveguide — Anisotropic Gyrotropic Media (y-invariance)

y y X z
I & 0 Jje& ™ (TE ’TE )
0 &y 0 2 2
b —-j&z 0 g Vny+k2Ey:O, kzza)z(lh —H13)&
w0 H
0 uw 0 ) _OE,
0 a— o F* =iy 0y |:I}_I[x} S 21 5 ‘:Ja)ﬂl ('0,[13} aEaZ
Rectangular Waveguide (PEC Walls, z o (L — 15) TOH3 08 a—;
Source-free gyrotropic region)
’E, 0
— Y Y 2 — — 1 7jkzZ jk_,Z
E (x,2)= f(x)g(z) - +———+k"E, =0 = E, =(4sink,x+ Bcosk,x)(Ce + De’"")
—— &’
separation
of variables
E,(0,z)=0Vz = B=0 o
mmx m= 1, 2, 3,...,00 = Eym (x° Z) =sin kme(Ace Hen” +AD e'/ th)
E (a,z)=0Vz = k, =k, =—.. -
’ ’ ’ a (m=0trivial) ko =k — k2

zZm xm

114

67




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Rectangular Waveguide — Anisotropic Gyrotropic Media (y-invariance)
OF,

H, Jor ops || T 5|
-0 jos oE,
Ox

—jk, z 1
k 177 + A e L’” ) % { } — {
H.] o’ (yﬁ )

Eyﬂl - Sln k\mx( 111
1 N o
= 1 zm J sz
me 2,2 2 [_a)lulkzm Slnk X(A - Ame )
o (1 — 13)
+ a)ﬂ3kxm COSk ( 7m + A ej zm )]
! i i + - Jk,z
Hzm = 2 2 P [_]a)ﬂ3kzm Slnk X(A zm _Ame./ zm )
o™ (1 — 153
+ joek,, cosk,, x(A e Fn® 1+ 4ok
(&, 41)
AW BT AW
+ %_,b+ . (7;,.1.-7C)§' Rectangular waveguide filled with a gyrotropic sample
B ' (Can solve using the mode-matching technique)

(8()5#()) aZ"”’aN ‘_J b ,...,bN<—J (809,uO)
Characterization of Y-Bias Ferrite Materials for Tunable Antenna Applications Using a Partially-Filled
Rectangular Waveguide,” Transactions on Antennas and Propagation, vol. 65, no. 10, pp. 5279-5288, October 2017 115

J. Tang, et al., “

Rectangular Waveguide — Anisotropic Biaxial Media (y-invariance)

TE,, Mode: E = E,sin(zx/ a)
a y—invariant mode

XXE, + yygyy +zz¢g,, ) )
N y —invariant =

X ﬂm + IVt + 220,
TE? Modes TM? Modes
o’H, 0*H
== L > L+ 0’ u

§=
ji=

’E, O'E
&7; 2} + @ E,IUXE‘ =0
M, Ox Oz
oF OE
H. = %y , H, =— 1%y E =
0z jou, Ox jos, 0z jos. Ox
(boundary condition enforcement
leads to a zero field)

using separation of variables

i +omdknz g pkon?
E,, =sink.x(4,e """ + 4,e"")
sink,, x(Ae *n? — goTfn?y L k= 2 g,,ux——k2
H;

k
me == CU,ZL’ZC
k, .
H.,, =——_cosk, x(A e /Fm? 1+ 4-e/kn?) k=22 m=1,23,..
j((),UZ a
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Rectangular Waveguide — Anisotropic Biaxial Media (y-invariance) - Application

Measurement of biaxial media™.

3D printed sample with orthorhombic
symmetry infused into the design!

*A. Knisely, “Biaxial Anisotropic Material Characterization using Rectangular to Square Waveguide”, AMTA, 2014. 117

Rectangular Waveguide — Anisotropic Biaxial Media (y-invariance) - Application

Measured Sample Permittivity
Comparison: Test Data, CST and Lumped Circuit Equiv.

Permittivity: Real
T T T

235 T T T T T
54 g/ /4
225 8
- XX
i)
2 -O-$21¢, O1
2 215/ dl-s21e, 03
£ 821 O5
© = il
& 2.1
205+ =
Pos Syy
1.95 | 1 | | | | |

i i i
8.5 9 9.5 10 10.5 11 15 12
Frequency (GHz)

—— Lumped Element Prediction
---- CST Simulation
—— Measured
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Plane Waves — Bianisotropic Media

VIH/E-E:[(Vxlﬂ—ja)E)-,u (Vx1+/(o§) 0] g] E:—j(oje—(Vx[H—ja)gg)-[fljh

. VxI+jwl)-E jgt-J , E=E o k7 ,
H (VxI+joe) = h Jo,J, =0 and Zj lioe_.lz._ = V > —jk ...thus
jo jo H=Hye *7
E'EIZO or Weg-Eg=0 "y — (ki +@f) ik - 0l)+ &
ﬁz—ﬁ_l-(lg—a)é:)-ﬁ , [ =%%+9p+%2 k=kxI
610 [known as the kEH formulation]
~ el
Hozgﬂ (k—wof)-E,

detWy =0 ...determines allowed eigenvalues (i.e., propagation constants kelgen)

Wy - EO‘ =0 ...determines eigenvectors (i.e., polarization states EO,ezgen)

Cl gen

119

Plane Waves — Anisotropic Biaxial Media (Normal Incidence) Example

x .
& = XX, + yye +zZ¢,, =0 ~
‘ ) Si and k =zk, =
z /u - xx/uxx + yy/uyy + ZZIUZZ é/ = 0
5 0 - 2 0
Wy -Ey= 0 e, —(k2 /) 0 || Eg, [=[0), Hy=|—2 0 0| E,
0 0 w’e Ey, 0 o Ey.
zz 0 0 0
+
I =R - k. =k =to\e,p, =Lk]
detWy = (0 ey —— )@ ¢, ———)w ¢, =0 = I i
/,lyy Hixx kz - kz = ia)\/‘gyy:uxx = ikz

physical insight implies these L)|| (to x—z plane)
polarizations are expected (can you explain)?
120
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Plane Waves — Anisotropic Biaxial Media

2 2

&y — (@ ExxHMyy //u_l;\') 0 0 E(‘)‘T 0

. B 2 2 I+ | =
We - Eo k=+kl=o.[e u, U v R A T Eoy =V
L =+k! welly 2, |+ 0

0 0 o0&, || By,
0 0 oo H
Bl _ Bl iR F _ aple s L s I —JRE 4 DI + 2K ) (e Py +22) Bl _ 2l ks
= =Ey e = (xEy, +y oy tZ 0z e = XxE.e

0
- s |

— A+ :lﬁfl (@ xf—a)zz)-E'“ _ExE + gl _ZXE - S PRy My

o I 7l

H E”+ N EJ_+ EL+
Pt _ ik Tk - - Flt it Tk (F
EW = REIE Tk A s E = JE, et 1+

. =l NIk _
il :iZXE" N el . E g1t :i_ZXEL 7zt = [He A+
Al £ k«_i) il 7 2, e I )
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Plane Waves — Anisotropic Biaxial Media - Application

Perpendicular Polarization

Polarization Control

Slant Pola

.- Transmitted

rization

‘ Transmitted

b Z.] Incident = ' Reflecte
o | > 5
Y1 X ._'.r__".]ncid.erg‘l,:' ’2X m‘
o
<
'h\\%\ ,,/’(’/
Y LA =<
) \\P\ //’(:/ © X

Parallel Polarization
122
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Plane Waves — Bianisotropic Media

T T e | mm21' (Lmy,m,, 2 V,ml,m!,2.)
1
( a . 0 0] [, 0 0
(fcc.cccoe ARSI L
_ < << Ib y ’ Hy
k =2k, — (1CccCc:tCcCcCC 00e| |0 0
normal incidence ( << 0 é:xy 0]
F=kxT =gk, -5k, L cccoeccecc {gyx 0 0|,F==¢"
1 0 0 0]
Jdcccoccec
X}C
L ! (kz—a) £2)+ s, 0 0 |
Wy =k + &) ji (k- 0l)+w°E = 0 — kI —0’ )0’ 0
0 0 a)zgz

Plane Waves — Bianisotropic Media

—~ 1 e +o’s, 0 0
(K -0’ £.] o
= o 2 242 2
Wg-Ey= 0 —rk -’ S )+, 0 || By, |=|0
0
0 0 wzgz Eo.
ki =tk =%\l g1, +E
- zl — =Mzl T = yFx »x —
detWy=0 = . Ef =Efe ™7™ = JEXT* __lin. pol.
k., =tk , = ia)./gx,uy +Syy e
expected ?
- _1 — ..
+ =+ — - . Iy 7
Eyk, =tk H = a)ﬂ VkxI-wl)-E = e
: ., Ea_rleijkzlz k Ei " . o B Ef
H =33= =" | ki =42 I = kw—e A}
y Zl Zl z@ngx E(

consistent with Poynting vector Interestin g |
124
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Plane Waves — Bianisotropic Media

y :<<<éTé}o C C C| oy iy i
~ Weccccoce N
E = yEqge /" —<<<<O coCCO Ey =YyEye
g d;{‘o coccCC| | At

125

Plane Waves — kDB System (kEH Review)

I L ,Jkr - _ . — =

E=Ege ) VxE=-J,— joB kxE=wB

H=Hye /"7 VxH=J,+ joD kxH =-wD

> . = | .

D = Dye *" V-D=p, k-D=0

I v.B- i ppyd e E_

B:Boe ]k}” p/’l Jeéh_fe_f]é k B—O

Not so fun!
Wy (3x3 matrix!!) Epe 7

— — — — — - — =
kxE=wB D=&-E+&-H F+l)- i (k- ol 221 E = kEH fc lati
o - D=ek 4 T (k+od) i (k—od)+@’E] E =0 Jormulation
kxH=-wD B=(-E+ji-H 1.4 - - (as already discussed)

H=—j"'(kxI -wl)-E
@
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Plane Waves — kDB System

tk  E,+kE, B,+kB,
I . L _ = e = - -
kxH=-wD k-D=0 = D, =0 = D=D,+kD, =D, kx E =0 B kxE, =B,
- L. R N R . = . R
k-D=0 k-B=0 = B, =0 = B=B,+kB, =B, kx H =-w D kxH, =-wD,
Pt ™
K B=0 e et DDy
22 2xl
. - - - M B M " general 3x3 matrix decomposition

M, My, " (t,k = transverse to,along k direction).
—_— ——

1x2 1x1
=0 =0
- R T’H T’H — - — - —
EtLEk K +’Etk:’2kt+’zkk DILDk ftt+ftk:;?kt+)?kk BILB’{ Ei = Ry 'Dl * X 'Bl
E = K D + X B :Ekzﬁkt'Dz"‘)?kt'Bz
5 _ 5 5 ; 5 Ho=7,D+7, B
a&é Z: Q_O-i-“ “l/i ) _12_0 i Vit t Vi P
HAkHy 7y 4Vpt PtV —— Vit tVik Vi TV ik - k = Vit s T Vi By
D,+kDy B,+kB,

127

Plane Waves — kDB System

Ej =Ry D+ 7y By kxE, = oB, N kx (&, D, + ¥, B,)=wB, = ol B, (1)
Ht=77tz t+ﬂtt't kXH;:—a)Dt kx(j;tt'Dt_i_Vtt'Bt):_a)Dt:_COIZ'DI (2)

(1) = (kx&,)-D,=(wl,—kx3,)-B, = B, =(wl,—kx7,)"-(kx#&,)-D, (3)

- —

B3) = (2) = (kx7,)-D, +(kxV,)-(ol, —kx 7,)" -(kx&,)-D, =-wl,-D, =
(@l +kx7,)+(kxV,)- (oI, —kx 7,)" -(kx&,)]-D, =0

=[(@l, +kx7,)+(kxV,) (o], =k x 7,)" - (kx#&,)]-D, =0 DB

" formulation

Et = (a)jl —k x jglt)_1 (k x l?ﬁ)-Dt , (Dz defines polarization!)
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Field Based Examples (Source-Free Region) — Key Take-Aways!

KEY Take-Aways

Consider all factors (symmetry,invariance,etc.) before solving problems.

kDB system can offer mathematical simplification for complex media.

Take time to make sure results make physical sense!

129

Field Based Examples (Source-Free Region) — Homework

For the case of a rectangular waveguide filled with anisotropic gyrotropic
media and assuming y-invariance, show the TEY modes are zero.

Find the Maxwell equation relations for biaxial media assuming y-invariance.

Find the plane wave normal incidence fields for bi-isotropic media.
Find the oblique (/E = Xk, +zk,) plane wave fields inside a biaxial medium.

In the kDB system, find the wave equation for the transverse B field. How is
the transverse D field computed from the transverse B field?

130
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Overview — Lectures/Big Picture

MACROSCOPIC
MAXWELL

LECTURE #1

LECTURE #8

EMTS 2019
Field and Potential Based EQUATIONS
Methods in Anisotropic CONSTITUTIVE J
and Bianisotropic RELATIONS
Electromagnetics

FIELD & POTENTIAL
J SOLUTIONS/EXAMPLES

LECTURE #1:JReview various forms and regimes of validity of Maxwell’s equations and constitutive relations.
LECTURE #2: ¥ Discuss factors that influence anisotropy and bianisotropy.

LECTURE #
LECTURE #4,5: Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

Discuss field and potential based methods for solving electromagnetic problems.

LECTURE #8:  Summary, conclusions and future research. 131
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2019 International Symposium on T
Electromagnetic Theory e S

LECTURE #5

Field-Based Examples — Source Region

Dr. Michael J. Havrilla
Professor
Air Force Institute of Technology
WPAFB, Ohio 45433

N
J\“’b/

Conductor-Backed Plasma — Anisotropic Gyrotropic Media (y-invariance)

N TE” (IM™,TM*)
7 ~ - & - 6‘2 —82
g 0je| Jn=Wpa)  VIH +IPH, =5V, xJy+ 2V, Ty + jo—2J,,
0 & 0 . & “
o 0 ©® B, oM,
—J]&3 & |:Ex:|_ 1 {ja}gl 0)83:| Jex+ Oz
X To2,.2 24| - i oH
PEC — 2D GEOMETRY Bl o’(ef —en)lmo8s Joa )y 20
.0 .0 gt —&?
O LNV (Gl 12
8)6 62 g]
0°H,(x,z) 0°H,(x,z) .
- : +k“H (x,2) = joeJ,,(x,2) , k" =0 gy
2_ 2 ox? 02> g !
- & — &3
J,;=0, ¢ e oH
& E | 1 jog wes || &
E .| w’ee L —0& Jos || My

S. R. Seshadri, “Excitation of surface waves on a perfectly conducting screen covered with anisotropic plasma,” IRE Trans.

MTT, pp. 573-578, Nov. 1962.

71

133




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Conductor-Backed Plasma — Field Solution

& 0 je&s T =3 (x,2) g 0j& .Q T =3y (x,2)
036;)23 ® By o 08%26(') i ® By
J€3 1 J&3 1 principal solution
PEC , 5 ""(source but no boundary)
0°H? 0°HP
- 2y +—6 z +k2Hp = joey,
21 z
_|_ & 0 83 scattered solution
Og 662 . %é ® BO “"(no source but boundary)
—J&3 1
PEC
Question: What ultimately O°H;, N O°H; S 0
justifies this solution technique? A 072

134

Conductor-Backed Plasma — Principal Solution

1 5 - : - 1 %3
f(x,z)=— j flk )™ dk, | fk ,z)= py j fk, k)e'dk, ...generic Fourier Transform (FT)
- Question: What prompts a FT approach?
Question: How does FT help?

O’HP(x,z) 0*HP(x, FT. 2 e k. k. e k. k.
yg )+ Y )+k2Hf(x,z)=ja>thy(x,z) - H;’(kx,kz)z—j2 ! 2) T8 T )
ox 0z [kz _(k _k )] (kz_ zp)(kz+kzp)

H_/
k2,
a2 =2L | A2 (kyok )™k, Ty (ky k) = [ T,z e 7 de' = [ T, (o2 e 77 dz =
T '

jwee!*: eIk

HY (k)= | -
y (kea?) IL 27k, — k) )k, +k

~hh,
U (kyz=2)

)dkzjhy(k ,z')dz' _jG”hP(k ,z =2V (ky 22!
zp

what does this represent physically?
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Conductor-Backed Plasma — Principal Solution

- - ; Jk.(z=2") impl I
hh, ' jowse simple poles
Gy;p(kxaz_z):f_z k k k 2 2 at k. = +k
? ak, —ky)k. + k) - =k,
Gk, ot b, g Nz=2") _jk, o (2=2") —k, 4, (z=2") UHPC...z>Z'
‘ ¢ ¢ = LHPC..z<Z'
“ —Jjkzy(2=2")
. Shh,p wee ,
kz,re J. +4> + J. =0 :>ny - 2%k Z>z
T = !
=0
0 N +jk, (z=2")
I +<J‘} + J =0 = G)lff,l’p YT
2k
© C,  C P
——
ggf(k Ydk. =0 Cauchy's Integral Theorem -0
C T " (f analytic within,on C) 1515 (k.,z)= J'{;;l;t,p (kxaz—zl)jhy(kx,zl)dzl
S (k) Cauchy's Integral N —Jjk.plz—2'|
(j}k —k dk; = j27 f(kz)... Formula G)},’f’p = —ng ..make sense?
c "z z0 -
136

Conductor-Backed Plasma — Scattered and Total Solution

O*HS(x,z) 0°H(x,z FI, 9*H (k 3
y(2 )+ y(2 ) K H3(x,2)=0 — —(2) +(K* =k H} (ke 2)=0 =
Oox 0z 0z T
zp
Jkoyz scattered solution

H; (ky,z) =W (ke k? LW (ke

“(up,down — going waves in z)

Fly(

,2)= [P (ky2)+ H (ky,2) = thhP 2= 2') Ty (ks 2 )2+ T (ke 7% 4 ()™ ...
%/—J
*/kzp‘ -Z'|

2k

zp

79

total
solution
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Conductor-Backed Plasma — Boundary Condition Relations

_jkzp‘z_zrl . )
~ wee ~ , PR —Jjk.,z =~ k.,z
Hy(kx,z)zj—T./hy(kx,z Ydz'+ W (ke "7+ W (ke
z' zp
- . ~ wee o1 i —jk_,z
« H(ky,z>0)>0 =W =0= Hy(kx’z):J._TJhy(kxaz Ydz'+ W (ke 7
z' zp
L
gz
& 0 j83 .jh iJthy(xaz)
wr .
0 &0 % é ® B,
—Jj&3 0 & & N B
X e £.(x,00=0 = E_(k,,0)=0 (= need to calculate E.)

PEC —2D GEOMETRY
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Conductor-Backed Plasma — Boundary Conditions (Electric Field Calculation)

_jkzp‘z_zl‘
wee ~ AP —jk,
H,(ky,2) = [~ m Ty (ks 2 )2 + W+ (ke
z p
1 ) oH , oH ~ 1 . oH -
E, =— (Jos — W& ) = E, = 5 (Jos Tz“—a)g‘;]kay) =
W &gg W gg
0 e o
— taken in distributional sense (or use Leibnitz's rule)
/4
—jk,,|z—2' ,
~ 1 wee " sgn(z—2z") ~ o
E (k. z)=——[&k,, J - Iy (ky, 2" )dz
WEE, d 2k,, san(z—2') = [+l.z>Z
jk,|z=2'| ) SEMZ 2 71—1 z<z'

5 ' ' . i+ —Jjk. z
J/I_‘.(/\'x,z )dz +(51/c__p *4]63/\’v\,)W+0 S ]
139

80




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Conductor-Backed Plasma — Boundary Condition Enforcement

'\',
wee 7T

E (k:,0)=0 = —(&1ky, + jesk )I Y J/,_\,(/c_\.,z')a’z' +(&k,, —jek W =0 =
"~ o
~ wee T (&1k,, + jEsky) - ~ wee w71 =, —jk z
= |- Tk, 2)dz' > H (ky,2) = [~ (ky, 2z + e
P 2kzp (glkzp - ]g3k, ) o 2kzp

glkzp +]g3k¥ —/k (z+2")

~ wE . —jk_ |z—-Z' , '
Ay (ho2)= [ e Wiy sz )" = [ (G174 GV Ty (ko2

k., gl k., — jesk, 2 —
o zZ— S
g 0Jj& . . &k, + jesk, '
0 & 0 R B, R=—"—"—"—=1..if &5 =0 (as expected)
— 0 ¢ i R ® glkzp o ]g3kx
3 1 I,
PEC
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Conductor-Backed Plasma — Radiation and Surface Wave Modes

8k +j6‘3k _ k ( + ) ~ - o~
H k. .,z - [e Tkl DWap T IO ik (24245 ,2d2' = [(GMoP + Gy, (k.. z")dz'
(kys2) = j 2k Yy Wiy (k2 J,( Gy sz
%,—/
R

1 o . ~ o0 o o
Hy(x,z)zg I Hy(kx,z)ejkxxdkx s Iy (ky,z') = J‘Jhy(x',z')e ]kxxdx’z.[]hy(x',z')e X gt —
—o0 x'

—00

% i s k., +jesk, N ,
H,(x2)=[] 98 q el W TS oy (g ) g (X', 2))dx'dz’
.Y, 4k, 1k, — j&sk,
\_ﬁ/——d
R

hh
Gl (|2,

N(k,)... pole contribution | weight
pole singularity
“(surface wave mode)

b =22 branch points at k, =tk gk, + jesk, _ N(k,)
» * (radiation mode spectrum) & k,, - jesk,  D(k,) > D(k,)=0
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—_—
K2—k?

N(kx) = glkzp + jcc,‘Skx
kx:iw 81/12
TZ
IMAGE THEORY
g 0j& J - & 0je| J
0 & 0 Tt @B, Why SW? 00| POO0OQO
—j& 0 & Why SW v —j& 0 g QOO0
ANS Why no SW ¢ @BO ooooo
PEC _ 2D GEOMETRY

Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Conductor-Backed Plasma — SW (Surface Wave) Modes
D(k,) = &k,, — jesk, =0 = 512 kzzp = —532k§ = k)% = a)zgl,uz = |k, =t &, |... pole singularities

JReso\Je i .k, = +orfe u, = e ) = g INAR ) Gy iy direction
0.k, =\, = no ¢ TN 56 0o SWin + x direction)!!

NON-RECIPROCAL!
Lots of research occurring regarding top

ological insulators.

142

Parallel Plate Waveguide — Uniaxial Dielectric Medium (Motivation)

PP
N/
PEC
OBJECTIVE HERE Jo Iz
m
GH‘< F F' _ A Al
:J {QEH(# #,)} S, (FYdV' tS1 S2f
v GHH(I’ |7") g Lo
i (e, 0 0]
i 0¢ O
,,' 10 0 &, |
'. z=0 z=
v
th
|81 (@, 8,8,) =S (@) |< 6
o = (&,¢;)
P(w)|< 6

th
|Szly(a’a5zagn)—521

82

d
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Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Parallel Plate Waveguide — Principal + Scattered Solutions

Vx] E€=(ﬂ€p+2i)xf Vo= kT, K =Sk, + Pk, + 2k, =k, + 2k,

E =top plate refl. coef. £ 0 0 PEC
(& m9)  J, 5{0 g, 0]
0 R = bottom plate refl. coef . 0 0e¢.
zZ =

Q<
I
~1
X
<
I
~

0 PEC
R
B R
z=d PEC
Em) g, L— 7 (&.0)
-=0 PEC
R
W.-EP ,Z =-V.J 0,z - -
B S'O ) - f’('o )0 + Wg-E*(p,z)=0
Wg=V-V-—o"ue , V=VxI
144
Parallel Plate Waveguide — Principal Solution
. FT = r—ﬁlge - Ve - ii'l z -2 Z0Z
. . ~ . = - = p__swo. = .
Vi V=jkxl=jk = (F.jk-a®ué) EP =—jk-J, — E°=—jWg k-Jy=0CyJj
2 = 2 7 An
O o =" pyll e, +22(, — &)]
ng/*' tremendous work to get this result!!!
z - (kz—k2 )[—fco2 . +kk +20° (e —5)]+(I€><2)(l€><2)a)2 (e,—¢&) =
Gé;z:—]adjl/ZE'k:_j z zTE Hoé; ) 2/“022 12 - Holé, ok
detWE - ﬂogz(kz _szE)(kz _szM)
kzer =w2ﬂ08t—k§ ) kzer =k12_§_;k3
e e 53],
z z -2 T .z EA ~ 0z
Note : Ep:—jWE_l- k -J, :—jWb?l-kxé T :—jWE_l-kxéé-éJhZ:Ge};l-Jh
E —t e, (k2 —kZp )k x 22 = jkxz = jk, x5 2 ]
=Ef =—j 5 22 = 5 = PR 'thZ:—ﬁiJhZ:—ﬁ'Jh...no TM * mode
- /1082(](2 _szE)(kz _kZTM) (kz _szE (kz _szE

as expected
145
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Parallel Plate Waveguide — Principal Solution

EP(E k) =— Jhy 2 BTGP k)5
tr\psftz (k kZTE)(k +kZTE) tr,z p’ z hz

0 - d 7
ED(T 1 = z k i 7' F (7 ' '
EfZ(kp,z)=EIEp(kp, ke dk, = [~ T e Rl ] (k2" )dz
—0 O

Ge /1]7( p,Z_Z,)

tr,z

th = Z‘]hz
CD Makes physical sense!
£f
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Parallel Plate Waveguide — Scattered Solution

E'(K,y,2) = Eye™ = Wy(k,o2) B2 (Ky2) =0 = Wk, k) Ej(K,,2) =0

FxkxT =k (k-TY—=T (k) kp+k2
= f——J;ﬁ - ~ o -
Wy = jk- jk—o® ugé =— kxI-(kxI) —o’ugé=1 k* —kk—Iw*uye, — 20 uy(s. —¢,)
W =Wi =I(ky+ k2 ke )= (k, T 2k, )k, F 2 p) — T 00 g1y, — 2200 oy (&, — &)
ke =%k.rg @ 118, k;

= —(k,, T 2k.gp )k, T Zhorp) - 2207 o (&, — &)

|
|

=k k, £k th.pp + 2k gk, — 2k — 20’ py (6. — €,)

A Ann2  nn, 2
= pkpik zk g izszEkarzzkp—zza) HoE,
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Parallel Plate Waveguide — Scattered Solution

+ :Si A " Ang 2 An D :Si ATaSTE
By =[- kpkp +k ZszE izszEkp +szp —zzo" e, |- (Ey; +2E);)=0 =

ﬁm

—/€p/€p- 0 kg SEGT + 2k gk, - ESS + 220 2B — 2200’ e, 2By =0 =
(L 5 T pst | g 2pst 2 o5t
_kp(kp' ()t +szEE ):O > Z(iszEkp'Eé;r+ka(§:_a) /IOEZES;F)ZO
. 12,0' 0 +szEEo: =0 or ]gp' t —*'szEESJr (a)
th,pk, gt ;+(k; a)zﬂogz)Eoz_ =0 (D)

thopEor wz,uog,—kfz)
f—/\-ﬁ ’_JH

(@) = (b) = thypk, By +(ky -0’ 1mpe. )Eg; =0 =kl Eg; +(ky -0’ 1gs. ) Eg; =0

e)E =0 = |EJT =0...since ¢, # ¢, (as expected for a TE* mode)

2
= 0" (& -
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Parallel Plate Waveguide — Scattered and Total Solution

- . = - -~ = ~ k. ~
st st st st st _ x st
EOZ =0 > kp.EOt _ikZTEEOZ = kp'EOt =0 or Eoy __k_ Ox =
y
i . k,xz Es+
— - =
st Ao st o ~ st 7 ~ =0 st
EOt = REg; + VEp), =(x—yk—x)E0x :k_(Xky — k) Eoy =k, xZ kx = Ey,,
y y y
R o M Y tered soluti
ES =k x3 0x e Jk gz Tk %3 0x €+JkZTEZ sca €V? S(? ution
v k, r k, (very tedious journey)!

d o
= = = . = E . - E .
E,=EF+E) = .[——p ¢ TarelZ =7l -th(k z")dz' +k x 5 20x o= jkore? +k, x 5 20x ot jkarez
o 2k.re ky ky

149
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Parallel Plate Waveguide — Boundary Conditions

= = = d ko x2t o= ESY _ ES— .
E, =Ef +E, = I—;k—e Jk:rglz=2'] -th(k z")dz' +k x 520x o= Jkrez +k, x 5 20x gtkrez
0 y ¥
I volk, ]
- R d —jk.pz" ES+ Es— — -
® E,(2=0)=0 = k,x2 I—e th(k 2)dz' + =0 20 0 = |EST =RV +RE), ,R=-1
0 ZkZTE ky y
i vk, ]
- R ) d Jkopz' Es+ Esf )
Ey(z=d)=0 = k,xze et | [-Z th(k ,2)dz! + 20 08 pi2kerd | —
o 2k.r ky,  k,

= [ = Ryt e 2kt L Rip e d | R =1

150

Parallel Plate Waveguide — Solution

_ o+ _RV +RR yteiheed Fo- _ RVt /2hned | RRYy g 2Kered o
Ox = 1 — RRe ™/ 2k-red » 0 1— RRe ™/ 2k-red o

. T T e e ,
d X 22 f_—k"ﬁ Re~ ket (242" | poikip(2d=2=2") | pp~jkirp(2d-z+2') | pp o ~jkrp(2d+z=z) L
J' [e Jkzrplz=z] — ]-th(kp,zl)dzl
o 2k | — RRe ™/ 2kered

R

. z=d
o T e

1)

z=0
= 4 cosk.pp[d—|z—2'[]-cosk.pld — (z+2)1, d z -
B, = [ jk,x2—=E o1z 2Tk )z = [ Gol (K22 T (K2 V2!
0 2k g sink rpd 0

Does this result make sense?
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Field Based Examples (Source Region) — Key Take-Aways!

KEY Take-Aways

Use EM theorems to aid in analysis and physical insight.

Fourier transforms and complex analysis are critical tools in EM'!

Solving problems directly with Maxwell equations can be challenging!!

152

Field Based Examples (Source Region) — Homework

Work through the details of the conductor-backed plasma analysis.

Are surface waves expected for the conductor-backed plasma under z-bias?
Work through the details of the parallel-plate waveguide analysis.

Find the pole singularities (surface mode k,’s) of the parallel-plate waveguide.

In the parallel-plate waveguide, would one expect a radiation-mode spectrum
to exist? Can you find an easy way to show it does not exist?

Find an expression for the parallel — plate spatial domain field Etr (0,2)

153
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Overview — Lectures/Big Picture

MACROSCOPIC
MAXWELL

LECTURE #1

LECTURE #8

EMTS 2019
Field and Potential Based EQUATIONS
Methods in Anisotropic CONSTITUTIVE J
and Bianisotropic RELATIONS
Electromagnetics

@ i

LECTURE #1:%Review various forms and regimes of validity of Maxwell’s equations and constitutive relations.
LECTURE #2: ¥ Discuss factors that influence anisotropy and bianisotropy.

FILLD & POTENTIAL
SOLUTIONS/EXAMPLES

Discuss field and potential based methods for solving electromagnetic problems.
LECTURE #4,5: Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

LECTURE #8:  Summary, conclusions and future research. 154
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—

2019 International Symposium on
Electromagnetic Theory e S

LECTURE #6

Potential-Based Examples — Source Free Region

Dr. Michael J. Havrilla
Professor
Air Force Institute of Technology
WPAFB, Ohio 45433

i)

Rectangular Waveguide — Anisotropic Uniaxial Media (TM? Modes)

' A AR

A , A, o MM ;1,4 —Hgly o (85 =80C )+ s (S —146)
Ly =—Muyh Beg (fg) O g (Mt M H 0 2, K il S it e
_ EA o2 5 oA, 8/1, 5iC, =SSN . Mg (68, —E,0)+ g (E1,=5,C )
sz_#,AiV’ _7;( l 0) u’tz( A )—a( H )”L [s;q B “ ]
2 A f A, Ho =SS, Eehi=$e81\ o £ &0 (1 Sy —1e& )T (811, —EC))
O a—> X L;—f ’V —T’g(zfa%) “; 5_(/ ¢ /)+a)( [ /)L (0[117 [ /,; ! £y
; 5 & : f 244, & e (868 )+ (68,-6,8)
. L:J—A/vzfﬁ%iﬂiﬁ““" L) — (2 2o’
Rectangular Waveguide (PEC Walls, 4= Taa Vi T =80 T V-3 (A & ]
Source-free uniaxial region) 5 :_/TTZ(H " )M)(mg mcz) 4+ yAzJ e 2 uh)w)(w) ’ /,;A, vh_:;Az I,
. A, Hy=6el oA CA g A =5l £A,
B & 00 B Hy 0 0 E=F=0 szz—?’[%(Z—u)-%— g(sreg —)149—’{:["’8"';& o g—(%( uh)-%—a)(i) h oA i
g:OEZO,,u:O,u[O,__O éo .
0 0 ¢ 0 0 ya S1=952= {CD}: | a)(,utg‘:' /‘éétt)'//er(": M= gté’ )6+/1t “e)JrSZr(g*”h)
jA
4 o a)(gt,ug 7§g§t)y/+w(gz§g 75&»4,[)97gr(%fue)fg[(%er”h)
TM* Modes . S Py 2 s & 2p_ I T Zfz 7
E =V, v, <20 Ee=—i g Viy -2 VIO - T v
(“"V2+—+wgy,)y/ 0,0=-LY | 5 . vty 7 _sc O
1H Ja)g/ oz ¢ TV NV XY Hz:Z/wszf9+ijzsztV/7j(uA:'Jthij:'Je
=V x2
E V,0, E /[% Vr(/ H, V, xzy
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Rectangular Waveguide — Separation of Variables and Boundary Condition Relations

PRAPY K} ) , ,
) ' & d & d h

V= @) > (V2 Lrwle iy =0 = Lt L G g L8 Dh o,
- oz - dx &, dy dz

Why pick sin,cos in x and y and exponentials in z?

. . _jk ik
y = (Asink,x+ Bcosk,x)(Csink,y+Dcosk,y)(Ee """ + Fe™")

= g’ld2f+ild2g+ld2h:—k2

. £ 32 2 2 t
&, [ dx &, g&dy” hdz & 12 12 2 2 2 & 2 12
t — — t
T T T g_z(kx +ky)+kz _kt or kZ — kt _g(kx +ky)
X -k, z
Iy
o - 1 Owy _ 1 ~ 0%y ~ %y
b E =V,Q= V’(_j(u;:, 0z )= Jwé, (x oz T F:y?z)
)
E _ =z 1 vz ;- ;/\\JF/\J.
z — “ Y=z /mz::l’//

= Joe,

0 a7 E,.(x=0,a)=0Vy,z = y(x=0,a)=0Vy,z
Rectangular Waveguide (PEC Walls, E.(y=0b0)=0Vx,z = y(y=0,b)=0Vx,z

Source-free uniaxial region)
157

Rectangular Waveguide — Boundary Condition Enforcement

- : _jk ik
y = (Asink,x+ Bcosk,x)(Csink,y+Dcosk,y)(Ee """ + Fe™")

y(x=0)=0Vy,z = B(Csink,y+Dcos kyy)(Ee_jk:Z +Fe’**)=0Vy,z

kg =22 m=1,2,3,...

y(x=a)=0Vy.z = Asink.a(Csin k,y+Dcosk,y)(Ee /" + Fe/*) =0V y,z

mrim

What does k,,, describe physically?

y =sink,,x(Csink,y + Dcosk,y)(Ee " + Fe/**)

w(y=0)=0Vx,z = Dsinkxmx(Ee_jk—'Z +Fe'**y=0Vx,z

Lk, =% n=123,..

«w(y=b)=0Vx,z = Csink,,xsin kyb(Ee_-’kzZ +Fe**)=0Vx,z ="
%,—/
ne What does k,, describe physically?

I . 1+ _jkz z Vs ]k z o 2 &y 2 2 o 2 & 12
Y = S kmeS1n kyn y(Amne "= Amne ) kzmn - \/kt _g(kxm + kyn) - kl _gkcmn

Note: material properties and boundaries
affect the allowed propagation factor k.,
158
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Rectangular Waveguide - Field Calculation

— _jk7)nnZ A jkzmnz — 2 & 2 2 — 2 &
W =Sk, xsmkyny( € T — A, e ) 5 ko, —\/kz —é(kxm+k ) = \/k 2

A2 A2
— A oW A oy
E =V,® F1c X,y L2V
Jwg, 0x0z Jjowe, 0yoz

k:/)m > . //(_ //\“ ;
- (xk,,, cosk,, xsin k‘ 0+ Yk, sink,, xcosk,, y)( Al o7 TRem® 4 4 ol
=e /k: zmn? * _ /‘7:/11/1 e
= Cmn (A/nn e 4 Anm o ) > Amn T we, ~Mmn

. V 7% 2 B o
EZ = t lkunn Slnk xsn,lk ny(A zng _Amne] zng)
JQ)EZ z™zmn

T 5 _ 7 + —Jjk Jjk T 2% _ kzmn
Hl - vf xzy @_ htmn (Amne = Amne o ) > htmn - 7 > Zmn -

Physical nature of the field clearly revealed using the potential-based method. 159

Parallel Plate Waveguide — Two Layer Uniaxial Media (TEZ Modes)

PEC — z=d
My 72 —__1 ©°%
_ [ e s g GEVitItelaunf=0.m o TEZ
koy =0 €ty ===k, | E2:0
Hzo tz—v XZez, 2—V7Z'2,H2—Z V0
z=0
i V2 + ___1 %
k. =\/60251,U1 LA & iy Car 6 @ Enpia) =0, 7 o, oz TEZ
z APy, 7P E,=V,x26, ,H,=V,m ,H, =:-1-v2g
JOH Z=_h
PEC ¢ —invariant, source— free structure

0,(p,z) = (A€ i + B¢’ "‘p)(Cl sink_z + D cosk_,z) via separation
6,(p,z) = (A o ko2P | B JKp2P )(Cz sink_,z + D2 cosk 22) " of variables

0,(p,z) = ¢ P [4;sink_ (z+h)+ B cosk, (z+h)]

Hl,z(p—)oo,Z)—)O = EI9E2 =0 = _ik
0, (p,z)=e "7 [ Ay sink,,(z—d)+ B, cosk,,(z—d)]

no ingoing waves from oo

160
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Parallel Plate Waveguide — PEC Boundary Conditions

0,(d) = 0 =REC z=d
2 ty g2, 02, 2 1L 96
o G Vit 5+0°6pH)0, =0, 7, =—ja,ﬂ27
&,
2/12 Etz—v Xzaz, tz—Vﬁz,sz—Z V0
z=0
Ha g2 _ 1 %
El}ﬁl Hz1 V +a) gtl'utl)el 0, = Jopy, 252
9(_}1):0 EI—V XZQI, 1—V7Z'1,H21=ij’ulvt01 Z=_h
: PEC

0,(p,z)=e "PP[ A sink,,(z+h)+ B, cosk,,(z+h)]
0,(p,z)=e P[4y sink.,(z—d)+ B, cosk.,(z—d)]

« 0,(-h)=0Vp = B, =0 = 0,(p,z) = Ae " sink_,(z+h)
- 0,(d)=0Yp = B, =0 = 0,(p,2) = Aye 7" sink.,(z—d)

161

Parallel Plate Waveguide — Material Interface Boundary Conditions

PEC _ iy
t 2
. (ﬂZV +a + 08 2)0, =0, 7y = ]sza—;
&t
6,(07)=6,(0") E,=V,x260, ,Hjy =V, ﬂz,sz—z —V, 20, »
72.1(0_):7[2(0+) Ha V2+ T 6 =0 ___1 096 -
&, I ) 52 @ gtl/utl) I =Wo 2 = —2 =
2
EI_V xz6, , H, 1_V”1’H21=Z]awlvt01 .
PEC z=—
P = 196 P oy
2P _ 1 06 P o
6, = Are ko2 sink_,(z—d) , =, =~ s 622 Ay jZy L™ /ko2 cosk.,(z—d) , Z, _—kz’;

make sense?

——N— -
« 6(0)=6,0")Vp = ko =kyy =k, , Asink, h=—A4,sink,,d...continuity of tangential E

e m(07)=m,(0") Vo= k

ol =k =k, , A]Zl_1 cosk_ h= AzZz_1 cosk_,d ...continuity of tangential H

162

92




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

Parallel Plate Waveguide — Scalar Potential Summary

A sink, h= Azsinkzzd @

D+(2) = Zjtank,h=-7Z,tank_,d
A7, coskh = 4,75 cosk,pd (2)} H=2) AR 2 MR Ed o

transcendental 5
sk = “fl 2 — An 2
equation for k,’ ko = \/a) Enbn — k koo = o Enlyy — k
P

91 = Ae P sink_,(z +h)

AIJZ e 0P cosk_y (z + h)

e ik p sink.ih
0, = dye P sink_y(z—d) = —Ae P 21 sink (2~ d) ...using (1)

sink 2d

7, = AyjZy e P cosky (z—d) = A jZ, ¢ hor COSKaAN ok (z—d) ..using (2)

cosk.,

All boundary conditions satisfied! ‘/
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Parallel Plate Waveguide - Field Calculation/Summary

op
- —- ~ 00, - A - ink_h
Ey=V, x26, =- 8_,01_¢A1 Jhpe PP sink (24 h) By =V, %20, = - § jk, e o ;lrlll—zlsinkzz(z—d)
z2
= Om . 1 —jk k_h
Hy=V,m :Pa—plz phk,Z, e 7P cosk,y (2 +h) H,=V,7x, =paik,Z, p;():ﬁcoskzz(z—d)
z2
Py .
o - . —jk.p sink_h .
sz H22 =z ]Q),U V 02 - ZAI Jg)/[ 2 ’ pp TASIH kzZ (Z_d)
B o r—/?g g k; —jkpp - ( h) SINK,y
H =z——V =—z4, - e sin z+ - . 2o k,h
Aoy T : ;wﬂl ! By = ol = 24 5 ssllrrllk sink,, (z—d)
BZ] = /uZIH = _ZA Slnk 1(Z+h) 2
a, a,
Zl tan kzlh+ZZ tan kzzd =0 ) kzl = \/a) Entln — lu” k2 k ) = \/a) Epp iy — /112 kz Zl = il ) Zz :%
z1 z2

normal boundary conditions

Note: B.(-h)=0, B.,(d)=0, B.;(07)=B,(0") ...
ote: B (=h) 2(d) 2(0)=8,(07) on B satisfied as expected!

What is the physical nature of the transverse fields?
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KEY Take-Aways

Scalar potentials can simplify the mathematical formulation.

Scalar potentials can enhance physical insight!

Scalar potentials are limited to bianisotropic gyrotropic media.
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Potential Based Examples (Source Free Region) — Homework

Work through the TMZ mode details of the uniaxial rectangular waveguide.
Find the TE? modes of a uniaxial filled rectangular waveguide.

Work through the TE? mode details of the two-layer uniaxial parallel-plate
waveguide analysis.

Find the TM? modes for the two-layer uniaxial parallel-plate waveguide.

Find the modes that can exist in a z-invariant parallel-plate waveguide filled
with a z-biased anisotropic gyrotropic media.

Find the TEY and TMY modes that can exist in a source-free y-invariant
rectangular waveguide filled with a y-biased anisotropic gyrotropic media.
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Overview — Lectures/Big Picture

MACROSCOPIC
MAXWELL

LECTURE #1

LECTURE #8

EMTS 2019
Field and Potential Based EQUATIONS
Methods in Anisotropic CONSTITUTIVE J

and Bianisotropic RELATIONS
Electromagnetics

LECTURE #1:%Review various forms and regimes of validity of Maxwell’s equations and constitutive relations.
LECTURE #2: ¥ Discuss factors that influence anisotropy and bianisotropy.
LECTURE #

LECTURE Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

FILLD & POTENTIAL
SOLUTIONS/EXAMPLES

Discuss field and potential based methods for solving electromagnetic problems.

LECTURE #8:  Summary, conclusions and future research. 167
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N
(2,

Parallel Plate Waveguide — Principal + Scattered Solutions (TEZ Modes)

R
z=d —

thop plate refl. coef . £ 0 0 PEC

(galuO) jh §—|:O &y O]

R = bottom plate refl. coef . 00 ¢,
I p fl of PEC

R
B R
z=d PEC
Emp)  J, L P— T (&, o)
220 PEC
R
2 2

0 B B 0 .
=<—V?—a—z—wzetuowpmz)=—th<p,z) + (—VE—a—z—wzwo)e (.2)=0
zZ Z
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Parallel Plate Waveguide — Principal Solution

. 1 2% .. B 2 - 1 % = hz generic Fourier transforms
Z)=—7 , d’k, , f(k,,z)=— ke dk, - o 2 R
(p.2)=— LLf( pi2)e 7%, Flp,2) =~ fwf e B veiy K, - Sk, + 3k,

Xy
2 FT«
(V2 - ¢ 6? —J o k2107 (k —J, (K
t a 2 - gt/uO) (1072) hz(paz) _) [ (C() gtIUO )] ( P z) hz( o z)
74 \—ﬁr——/kz
zTE
1

ep( P Z)_ th(k

- k) =G (k) k) (K, k.
(kZ_kZTE)(kZ+kZTE) r ) ( r ) ! ( r )

o0 0 d
~ — 1 = ik z = — ~ — , _ Z’ , ~ . , . Wz' ,
t919(/’9),2):—2 I 07 (k. k. )" dk. ,J. (k,,.k.) = J' Te (k2" ye %% dz ZIJhZ(kp,Z Ye ik g
) 0 0

170

Parallel Plate Waveguide — Principal Solution

eij(Z—Z’)

27[(kz - kZTE )(kz + szE)

d oo d
07 (ky2)=| [ - dk,Jy, (K2 )dz' = [ Gl (kyoz = 2') T (K, 22!
0 —o0

“p 7 ’ /K= (2=2") je Jk_pplz—2'| ' .
Goplhyz—2") = .[ - dk, = ——————...using complex plane analysis
27[(kz - kZTE )(kz + kZTE) 2kZTE

20T d~p ~ b , ] —jk.glz—2"| ’ l
10 (kp,z):gGgh(kp,z—z)JhZ(k ,2')dz jWth(k ,z')dz
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Parallel Plate Waveguide — Scattered and Total Solutions

» 0 5= o 5 * A5 T
=V, _8 T =0 1y)0" (p,z) =0 —> (kp_a_z_a) Etplo (k,,z)=0 =
z 4

FE (Ep,z) = Vf/+(lgp)e—jkﬁz + W*(Ep)ejkzniz

d . —jk plz—2'
BE 2= 07 ()2 + B 2) = (2 (277 (R, e e i=(E, e o™
( paZ) ( p:Z)+ ( paz) 2k hz( paz) Z + ( p)e + ( p)e
0 zTE
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Parallel Plate Waveguide — Boundary Condition Relations

E ~
= R O(z=d)=0
R = top plate refl. coef . g 0 0 PEC )
(5,/10) jh ( é’_[o g, 0
R = bottom plate refl. coef . 0 0 ¢, ~
=0 R PEC 5, = 0)=0

FT5 — - o
E(5,2) =V, x205,2) — E,(ky,2) = jk, x20(k,,2)

U

(z=0,d)=0 = 0(z=0,d)=0...boundary conditions at the PEC's
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Parallel Plate Waveguide — Boundary Condition Enforcement

o o o d je*]'szE|Z*Z'\ o I " - "
O(k,,2)=0"(k,,2)+0"(k,,z) = ITJhZ(kp,z')dz'+W+(kp)e—f TEE 4 (k , )e e
0 zZ
I;_
d . —jk. .2
- JerTE - - ~ . -~ — ~ ~
« 0(z=0)=0 = ITJhZ(kp,z')dz'+W +W™ =0 = |W"=RV +RW~ ,R=-1
0 zTE
I}’Jr
jejk:»,-h-z'

d
O(z=d)=0 = e Fmd J. Jy. (lgp,z’)dz’-i- wehered pelkrd — 0 =
0

2szE

W~ =RV*e /2hmd Ryt iHemd R =]
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Parallel Plate Waveguide — Potential Solution

RV e RRV el Rk | pRi e e

. s - N s R = E = —1
1- REe_JZkZTEd 1-— REe_JzszEd

Refjker(z+z') +Eefjkzrb-(2dfzfz') +Rkeﬁjk:m(2dfz+z') +REefjk27-E(2d+zfz')

Vo (k. 2"z

ok = Lo Fkaglz=2"]
e {z;c ¢ | — RRe~/2kred

R
z=d
= J\x
Z
z=0
R
- 4 cosk ppld—|z—z'|]-cosk,pgld —(z+2')] = - . o
e(kp,z)=j ZIE P RelE th(kp,z’)dz'=IG9h(kp,z|z')JhZ(kp,z')dz'
0 2k, g sink,rpd 0
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Parallel Plate Waveguide — Electric Field Solution

é(/; 2) = ]{ cosk,rpld—|z—2z'|]-cosk,rp[d —(z+2")]
" 0 ZkZTE sin kZTEd

d
Ta (k22 = [ Gy (k2| 2') T (K, 22!
0

—

Et(/;p,z)=E'tr(/€p,z):jl€px29~(/€p,z) , jhz =2-jh =

T in agreement
: h(kp:Z,)dZ,.-- Wlthﬁeld

based solution

écosszE[d—|z—z'|]—c0sszE[d—(z+z')]2

. d
E, (k,,2)=|jk, x .
e '([ P 2k g sink_rpd

G:e,h

tr,z
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Parallel Plate Waveguide — Physical Understanding

R

I? =top plate refl. coef . & 0 0 PEC
IR #= 04 0

R = bottom plate refl. coef . 00¢
220 plate refl. coef : PEC

5;). i expected standing J, =2,
A

,Z waves in z

d ' » ' e
Etr(];pﬂz) :ijprCOSkZTE[d_|Z_Z [1—cosk,rgld—(z+z )]E-Jh(kp,z’)dz' CD
0

2k g sink_rpd

Ty

r

maintains transverse z magnetic current

rotational electric field poles are parallel plate modes ~VxE=J, o
t
2_2

Z

2 2 mii? _ 2 m’z’
0"& g~k =15 =k, = JoTE g — G
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Parallel Plate Waveguide — Spatial Domain Field

Gch

r,z

cosszE[d | z—z'|]-cosk, p[d — (z+z)]

Etr(kp,z) j]k .7, (k,,z")dz'

2k,rp sk, rpd

Etr(/s’z)_%-[ .[E ’Z)ejkp.'adzkp ) jh(];p’zl): I .[jh(/slaz')e_jkﬂﬁ,dzp,:J-jh(ﬁ/’z/)e_jkp.ﬁdy:>
—00 —00 N

—00 —00

Jjk,(P—5") ;2
P d kpé.jh(ﬁrjz')dzldsy

‘]3 Tj/g ><EcosszE[d—|z—z'|]—cosszE[ai—(z+z’)]e

47% 2h g sink ppd

Gl (p—p'zlz")
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KEY Take-Aways

Scalar potentials can simplify the mathematical formulation.

Scalar potentials can enhance physical insight!

Scalar potentials are limited to bianisotropic gyrotropic media.
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Potential Based Examples (Source Region) — Homework

Work through the TE? mode details of the uniaxial parallel-plate waveguide.
Find the remaining fields of the uniaxial parallel-plate waveguide.

Find the TM? mode Green function from the uniaxial parallel-plate waveguide
analysis.

Find the TEZ Green functions of a PEC-backed uniaxial slab waveguide having a
z-directed electric current.

Find the Green functions for a magnetic current immersed in a bi-isotropic
medium.
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Overview — Lectures/ Big Picture

MACROSCOPIC
MAXWELL

LECTURE #1

LECTURE #8

EMTS 2019
Field and Potential Based EQUATIONS
Methods in Anisotropic CONSTITUTIVE J
and Bianisotropic RELATIONS
Electromagnetics

@m

LECTURE #1:JReview various forms and regimes of validity of Maxwell’s equations and constitutive relations.

FILLD & POTENTIAL
SOLUTIONS/EXAMPLES

~

LECTURE #2: ¥ Discuss factors that influence anisotropy and bianisotropy.
LECTURE # Discuss field and potential based methods for solving electromagnetic problems.
LECTURE Provide several examples of field based solutions in complex media within and exterior to source regions.

LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

LECTURE #8:  Summary, conclusions and future research. 181
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Overview — Lectures/Big Picture

MACROSCOPIC

EMTS 2019 bilo T LIL
Field and Potential Based EQUATIONS
Methods in Anisotropic
and Bianisotropic
Electromagnetics

R

LECTURE #4,5 ©
FIELD & POTENTIAL
SOLUTIONS/EXAMPLES

LECTURE #1:  Review various forms and regimes of validity of Maxwell’s equations and constitutive relations.

LECTURE #2:  Discuss factors that influence anisotropy and bianisotropy.

LECTURE #3:  Discuss field and potential based methods for solving electromagnetic problems.

LECTURE #4,5: Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE #6,7: Provide several examples of potential based solutions in complex media within and exterior to source regions.

LECTURE #8:  Summary, conclusions and future research. 183
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Overview — Primary Goals

GOAL#1

@

EMTS 2019

Field and Potential Based
Methods in Anisotropic
and Bianisotropic

Electromagnetics I

GOAL #4

GOAL #1: Gain a deeper appreciation of Maxwell’s equations and the regimes of validity.

GOAL #2: Develop a better understanding of constitutive relations and recent areas of electromagnetic material research.
GOAL #3: Understand the profound influence that symmetry has on material tensor properties and design.

GOAL #4: Learn how to solve Maxwell’s equations involving complex media using field and potential based techniques.
GOAL #5: Obtain deeper physical insight into electromagnetic field behavior in non-isotropic environments.

GOAL #6: Apply knowledge learned in your own personal research.

184

Conferences

A SELECTION OF CONFERENCES DISCUSSING EM THEORY/MATERIALS

1. EMTS.

2. Metamaterials.

3. Nanometa.

4. APS/URSI.

5. URSI General Assembly
6. ICEAA

185

106




Field and Potential Based Methods in Anisotropic and Bianisotropic Electromagnetics

References

1. J. A. Kong, Electromagnetic Wave Theory, Second Edition, John Wiley, 1990.

2. |. Semchenko, et al., Electromagnetics of Bi-anisotropic Materials: Theory and Applications, Gordon, 2001.
3. I Lindell, et al., Electromagnetic Waves in Chiral and Bi-Isotropic Media, Artech House, 1994.

4. H. Chen, Theory of Electromagnetic Waves, TechBooks, 1983.

5. T. Mackay and A. Lakhtakia, Electromagnetic Anisotropy and Bianisotropy, World Scientific, 2010.

6. E.Rothwell and M. Cloud, Electromagnetics, Third Edition, CRC Press, 2018.

7. Y. Ilinskii and L. Keldysh, Electromagnetic Response of Material Media, Plenum, 1994.

8. 0.Singh and A. Lakhtakia, Electromagnetic Fields in Unconventional Materials and Structures, Wiley, 2000.
9. R. Birss, Symmetry and Magnetism, North-Holland, 1966.

10. R. Tinder, Tensor Properties of Solids, Morgan and Claypool, 2008.

11. J. Van Bladel, Electromagnetic Fields, Second Edition, IEEE Press, 2007.

12. R. E. Collin, Field Theory of Guided Waves, Second Edition, IEEE Press, 1991.

13. W. C. Chew, Waves and Fields in Inhomogeneous Media, Van Nostrand Reinhold, 1990.

14. C. T. Tai, Dyadic Green Functions in Electromagnetic Theory, IEEE Press, 1994.

15. F. Capolino, Theory and Phenomena of Metamaterials, CRC Press, 2009.

16. F. Capolino, Applications of Metamaterials, CRC Press, 2009.

186

Constitutive Relations — Outside the SIMPLE Media Box

Lots of research going on outside the SIMPLE media box!

SIMPLE MEDIA
Linear, Isotropic, Spatially Homogeneous
Spatially Local, Time Invariant, Temporally Dispersive

Where do you want to explore?!!!
187
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Overview — Lectures/Big Picture

LECTURE #8
MACROSCOPIC
EMTS 2019 MAXWELL

Field and Potential Based EQUATIONS

Methods in Anisotropic
and Bianisotropic
Electromagnetics

LECTURE #1:%Review various forms and regimes of validity of Maxwell’s equations and constitutive relations.
LECTURE #2:

J EEmY

FILLD & POTENTIAL
SOLUTIONS/EXAMPLES

Discuss factors that influence anisotropy and bianisotropy.

LECTURE # Discuss field and potential based methods for solving electromagnetic problems.

LECTURE Provide several examples of field based solutions in complex media within and exterior to source regions.
LECTURE Provide several examples of potential based solutions in complex media within and exterior to source regions.
LECTURE # Summary, conclusions and future research. 188
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Fini — Thank you for attending!

Field and Potential Based Methods in

Anisotropic and Bianisotropic Electromagnetics

Dr. Michael J. Havrilla
Professor of Electrical Engineering
Air Force Institute of Technology
WPAFB, Ohio 45433
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